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Tinkerbell Is Chaotic*

Alexandre Goldsztejnf, Wayne Hayes!, and Pieter Collins®

Abstract. Shadowing is a method of backward error analysis that plays a important role in hyperbolic dynam-
ics. In this paper, the shadowing by containment framework is revisited, including a new shadowing
theorem. This new theorem has several advantages with respect to existing shadowing theorems: It
does not require injectivity or differentiability, and its hypothesis can be easily verified using inter-
val arithmetic. As an application of this new theorem, shadowing by containment is shown to be
applicable to infinite length orbits and is used to provide a computer assisted proof of the presence
of chaos in the well-known noninjective Tinkerbell map.
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1. Introduction. The chaos theory emerged from the observation that very simple dy-
namical systems can have complicated behaviors. A famous example is the Tinkerbell map
[2], whose iteration gives rise to the beautiful strange attractor depicted in Figure 1 (simply
computed by iterating the map with initial condition (—0.5, —0.5) using double precision com-
putations). However, the observation itself of this strange attractor gives rise to a well-known
seeming paradoxical difficulty: Indeed, we interpret Figure 1 as the strange attractor of the
Tinkerbell map, while the presence of a strange attractor implies that the Tinkerbell map
is chaotic. This in turn implies that the computations shown on Figure 1 suffer from expo-
nential magnification of rounding errors and hence should not be considered as a trustworthy
representation of the strange attractor.

In this situation, any attempt toward a forward error analysis is foreseen to fail due to the
exponential growth of the forward error. However, the backward error analysis may be able
to extract some information from a numerically computed trajectory, and indeed the above
mentioned difficulty can be explained in the shadowing backward error analysis framework. A
pseudo-orbit is a finite or infinite sequence of vectors whose local error is bounded. It is called
an e-pseudo-orbit when the bound is known to be e. An exact trajectory (y;)rer, where E C Z
is a set of contiguous integers, is a d-shadow of the pseudo-orbit (xx)rep if maxiep ||xx — yi|
is less than 6. Shadowing theorems provide sufficient conditions for pseudo-orbits to possess
shadows.

Shadowing first appeared in the 1970’s with Anosov’s work as a remarkable property of
hyperbolic dynamical systems (cf. [19]): In the neighborhood of a hyperbolic set, for every
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Figure 1. The Tinkerbell map strange attractor: One million steps computed with standard double precision
starting from (—0.5,—0.5). The gray area is the image of the dashed rectangle. It shows that the Tinkerbell
map s not injective.

d > 0 there exists € > 0 such that every pseudo-orbit x that satisfies ||xp+1 — f(xz)|| < €
has a d-shadow. Later, some shadowing theorems allowing a numerical verification of the
existence of shadows appeared (cf. [35, 41] and [16] for a survey of shadowing methods for
numerical solutions of ordinary differential equations). These numerical shadowing theorems
verify some property in the neighborhood of a given pseudo-orbit and therefore do not require
global hyperbolicity.

Numerical shadowing allows us to quantify the backward error of numerical simulations
of chaotic systems. For example, the method presented hereafter can be used to prove that
the pseudo-orbit depicted in Figure 1 has a §-shadow for § = 1076, Therefore, this pseudo-
orbit is actually a good approximation of an exact trajectory for an initial condition close
to (—0.5,—0.5) and thus is representative of the system’s dynamics. Such backward error
analysis through shadowing is also used, e.g., in [14] in the context of galaxy simulations,
in [37, 36] in the context of fluid mechanics, and in [35] for the rigorous numerical proof of
the embedding of symbolic dynamics. Among different numerical shadowing methods, we will
focus on the so-called containment method (see [13, 15, 41]). It roughly consists of proving the
existence of a true trajectory by checking inclusions and exclusions of different sets (usually
parallelotopes) and their images by the map.

The contribution of the present paper is threefold: First, the containment property is
reformulated using the newly introduced local containment property, which is easier to for-
malize since it assumes that unstable and stable directions are aligned with axes. The general
situations are then handled using some affine change of variables. Second, a new containment
theorem is proved for finite length orbits, which is more general than the shadowing by con-
tainment theorem proposed in [41] since it does not require differentiability or injectivity. Its
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proof is conceptually very simple since it relies directly on the Poincaré-Miranda theorem.!

Note that the containment theorem proposed in [21] also does not require differentiability or
injectivity: However, its hypotheses are quite difficult to verify. Third, this new containment
theorem is extended to bi-infinite orbits, thus reaching the scope of shadowing theorems by
refinement like [35].

As an application, we show that this containment theorem for bi-infinite orbits can be used
to prove that a dynamical system is chaotic in several senses (positive topological entropy,
Li—Yorke chaos, and Devaney chaos). Different computed assisted proofs of the presence of
chaos were proposed in, e.g., [34, 9, 42, 10, 26]. All these approaches are similar in the sense
that they rely on some topological fixed point theorems whose hypotheses are translated to
sufficient conditions for the presence of chaos. However, the usage of different topological
fixed point theorems leads to different statements. The sufficient conditions we obtain here
are remarkable by their simplicity, which allows an easy numerical verification by a computer.

2. Interval analysis. Interval analysis is a branch of numerical analysis that was born
in the 1960’s. It consists of computing with intervals of reals instead of reals, providing a
framework for handling uncertainties and verified computations (see [27, 1, 28, 17, 20] for a
survey). Among other applications, interval analysis was used to provide rigorous numerical
proofs of mathematical statements (resolution of the 14th Smale problem [38], properties of
manifolds [6, 7], and properties of chaotic dynamical systems [3, 18, 4, 39, 33]).

2.1. Intervals, interval vectors, and interval matrices. An interval is a closed connected
subset of R. Intervals are denoted by bracketed symbols, e.g., [xf] € R. When no confusion
is possible, lower and upper bounds of an interval [x]| are denoted by z € R and T € R, with
z <7, ie, [z] = [z,7T] = {z € R:z <2z <T}. Furthermore, a real number z will be identified
with the degenerate interval [z, x]. The magnitude and mignitude of an interval, respectively,
are defined by |[z]| := max{|z| : © € [z]} = max{|z|,|Z|} and ([z]) := min{|z| : € [z]}; thus
([x]) = min{|z|,|Z|} if O ¢ [x], while ([z]) = 0 otherwise.

There are two equivalent ways of defining interval vectors. On the one hand, being given
two vectors x < X € R™ (where the inequality is defined componentwise), an interval of vectors
is obtained by considering

(2.1) [x] ={xeR":x <x <X}

On the other hand, being given intervals [z;] € IR for ¢ € {1,...,n}, a vector of intervals is
obtained by considering

(2.2) [x] :={xeR":Vie{l,...n},a; € [z;]}.

These two definitions are obviously equivalent following the notational convention x = (z;),
X = (7;), and [z;] = [z;,7;] and will be used interchangeably. In the whole paper, we con-
sider the infinity norm and distance, so the closed ball B(0, 1) is actually the interval vector
([~1,1],...,[-1,1DT.

Interval matrices are defined similarly to interval vectors as either intervals of matrices or
matrices of intervals.

'The Poincaré-Miranda theorem is a generalization of the intermediate value theorem to arbitrary dimen-
sions which is equivalent to the more famous Brouwer fixed point theorem [31, 25].
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2.2. Interval arithmetic. Operations o € {+, x, —, +} are extended to intervals in the
following way:

(2.3) [z]o[y] :=={zoy:z € [z],y € [y]}.

The division is defined for intervals [y, 7] that do not contain zero. Unary elementary functions

f(x) (like exp, In, sin, etc.) are also be extended to intervals similarly:

(2.4) f(l2]) = {f (@) - @ € [a]}.

All these elementary interval extensions form the interval arithmetic (IA). As real numbers
are identified to degenerated intervals, the IA actually generalizes the real arithmetic, and
mixed operations like 1 + [1,2] = [2, 3] are interpreted using (2.3).

Rounded computations. As real numbers are approximately represented by floating point
numbers [11], the TA cannot match the definitions (2.3) and (2.4) exactly. In order to preserve
the inclusion property, the IA has to be implemented using an outward rounding. For example,
[1,3]/[10,10] = [0.1,0.3], while both 0.1 and 0.3 cannot be exactly represented with standard
floating point numbers. Therefore, the computed result will be [0.17,0.3"], where 0.1~ (re-
spectively, 0.31) is a floating point number smaller than 0.1 (respectively, greater than 0.3)
(we actually expect the greatest floating point number to be smaller than 0.1 and the smallest
floating point number to be greater than 0.3, which is often achieved by ITA implementations).
Among other implementations of IA, we can cite the C/C++ libraries PROFIL/BIAS [22]
and Gaol [12], the MATLAB toolbox INTLAB [32], and Mathematica [40]. The developments
presented in the rest of the paper use the ideal real IA. The algorithms are finally implemented
using outwardly rounded floating point interval arithmetic.

2.3. Interval extensions. An interval function [f] : IR" — IR™ is an interval extension
of the real function f : R” — R™ if for all [x] € IR" we have [f]([x]) D {f(x) : x € [x]}.
Thus interval extensions allow computing enclosures of the real function’s range over boxes.
So-called natural interval extensions of a function are obtained by evaluating an expression of
this function for interval arguments using the IA. In particular when every variable has one
unique occurrence in the function’s expression the natural interval extension is optimal; i.e.,
it computes the exact function range.

Ezample 1. Consider the function f : R? — R? defined by f(x) = ((z1 + 22)?, (21 —
1)?coszz). The image of the box [x] = ([-1,1],[—1,1]) is depicted in Figure 2. Since the
expression of each component of f contains one unique occurrence of each variable, their
interval evaluation (([z1] + [22])?, ([z1] — 1)? cos[z2]) = ([0, 4], [0,4]) is the optimal enclosure
of the image (it is depicted in Figure 2). The image enclosure can be pessimistic if other
expressions of the function are used; e.g., (a:% 4+ 2x129 + x%, (x% —2x1 + 1) cos .’L’g) evaluated
for the same box gives rise to ([—2,4],[—1,4]) (also depicted in Figure 2).

In the context of the developments proposed hereafter, interval extensions will be eval-
uated on small boxes (whose width is about 107%). For such small intervals, the order of
convergence of interval extension provides meaningful information about its pessimism: The
natural interval extension has a linear order of convergence, which means that in the worst
case its pessimism is proportional to the width of its interval arguments (see [28] for a details).
This is in general too pessimistic for our usage.
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Figure 2. In gray, the image of the box ([—1,1]),[—1,1]) through the function of Example 1 (the darker
area shows the self-overlapping of the image). Also displayed are the interval hull of this set (full line box) and
the pessimistic enclosure (dashed line box) computed in Example 1.

On the other hand, the centered forms described below enjoy a quadratic order of con-
vergence, which means that in the worst case its pessimism is proportional to the square of
the width of its interval arguments. This is a drastic and necessary improvement with respect
to the linear order of convergence of the natural interval extensions when dealing with small
boxes. A centered form has the following form:

(2.5) [f]([x]) = £(x) + [A)((x] = %).

There are different ways of choosing [A]. When f is differentiable, [A] can be chosen as
some interval extension of the Jacobian of f. Lipschitz interval matrices allow generalizing
this property to nondifferentiable maps: The introduction of Lipschitz interval matrices allows
a rigorous linearization of a map, i.e., a linearization with controlled truncation error. This
gives rise to an interval extension called the centered interval extensions. An interval matrix
[L] € IR™™ is a Lipschitz interval matrix (LIM) for f : R” — R™ and E C R" if and only
if for all x,y € E there exists L € [L] such that f(x) — f(y) = L(x —y). A LIM can be
computed similarly to the interval evaluation of the Jacobian matrix: In case the function is
differentiable, then an interval evaluation of its Jacobian expression gives rise to a LIM. In case
it contains some absolute value, the following rule can be used for the Jacobian differentiation
to give rise to a LIM: abs'([z]) = —1 if z < 0, abs'([z]) = 1 if T > 0, and abs'([z]) = [-1,1]
otherwise (see [28] for details).

2.4. The Poincaré—Miranda theorem. Interval extensions allow computing enclosures
of the range of a function. Omne important application of this framework is the rigorous
numerical proof of existence of solutions to systems of equations. This is done by using
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interval extensions to verify the hypothesis of some existence theorems. Among different
existence theorems that can be used in conjunction with interval analysis, we will use the
Poincaré-Miranda theorem [31] which can be formulated as follows.

Theorem 2.1 (Poincaré-Miranda theorem). Let f = B(0,1) C R™ — R™ be a continuous
function. Associate each equation with a variable through a permutation m of {1,...,n} and
assume that for all i € {1,...,n}

e x € B(0,1) and x,;) = —1 implies f;(x) <0 and
e x € B(0,1) and ;) = 1 implies fi(x) > 0.
Then the system f(x) = 0 has a solution inside B(0,1).

The Poincaré—Miranda theorem is actually equivalent to the more famous Brouwer fixed
point theorem (see [25, 24]). Its hypotheses are obviously very well suited for a numerical
verification by interval analysis.

3. Shadowing by containment.

3.1. Local containment theorems. In order to apply the results of this section in a more
general context in section 3.3, we consider nonautonomous dynamical systems (f;);cz. An
orbit (x;)icz of such a system satisfies x;11 = f;(x;). In the rest of the section, (f;);cz is a
nonautonomous dynamical system with f; : R — R"™ continuous.

The following definition of the local inductive containment property (LICP) focuses on the
following situations: The pseudo-orbit is the bi-infinite identically null sequence (..., 0,0,0,...);
stable and unstable directions are close enough to canonical basis vectors; the maximum dis-
tance between the pseudotrajectory and its shadow is 1. Some affine change of variables will
allow dealing with more general situations in section 3.3.

Definition 3.1. Let f = (f1,..., fn)T : R® — R™ be a continuous map. Let S and U form
a partition of {1,...,n} (S refers to the stable directions and U to the unstable directions).
Then, we say that £ satisfies the (S,U)-LICP if both of the following hold:

(LICP1) For all j € S and for all x € B(0,1), —1 < f;(x) < 1.
(LICP2) For all j € U and for all x € B(0,1), either
1. z; = —1 implies fj(x) < —1 and
2. xj =1 implies fj(x) > 1,
or
1. x; = —1 implies f;(x) > 1 and
2. xj =1 implies f;j(x) < —1.
Finally, the index set U is split into UT and U™, satisfying, respectively, (LICP2.k) and
(LICP2.kY).

Note that the LICP does not require injectivity or differentiability. See Example 2 and
Figure 3 for a function that satisfies Definition 3.1. Then, the following containment theorem
for finite length shadows is proposed. Its proof relies on a simple application of the Poincaré—
Miranda theorem to the system of equations formed with x;1 = fi(xx).

Theorem 3.2. Let S and U be a partition of {1,...,n}. Consider a,b € Z such that a < b,
and suppose that £;, for i € {a,a+1,...,b— 1}, satisfies the (S,U)-LICP. Then there exists
a finite orbit (X;)q<i<p bounded in B(0,1) such that x;11 = f;(x;) for alli € {a,...,b—1}.

Proof. Let x; = (%i1,...,%in)! fori € {a,...,b}, and let £ = (fi1,..., fin)? fori €
{a,...,b—1}. We fix arbitrarily z,; € [-1,1] for j € S and x3; € [-1,1] for j € U and
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prove the existence of an orbit for this choice. So we consider the following system of n(b— a)
equations:

(3.1) Gij(Xa, -, Xp) = —fij(x;) +xip1;, =0 if jeSuUT,
' 9ij(Xay -, Xp) = fij(x) —xip1y; =0 if jeUd”

for (i,5) € {a,...,b—1} x{1,...,n} =: £. Since z,; are fixed for j € S and x; ; are fixed for
Jj €U, the n(b— a) variables are z; ; for (i,j) € {a+1,...,b} xSU{a,...,b—1} xU = V. A
solution to this system of equations obviously corresponds to an exact orbit. In order to apply
the Poincaré-Miranda theorem we associate equations and variables through a permutation
m: & — V defined as follows: w(i,j) = (i +1,7) if j € S and 7(4,5) = (4,5) if j e U. Tt
remains just to verify that the hypotheses of the Poincaré-Miranda theorem do hold; that is,
we need to prove that for all (i,7) € V, for all z; ; € [0, 1]

(3.2) ey =—1 = gij(Xq,...,%p) <0,
(3.3) Ty =1 = gij(Xay...,%p) 2 0.
So consider arbitrary z; ; € [0,1] for (i,7) € V, so Xq,...,X, € B(0,1) since x; ; are fixed in

[0,1] for (i,7) ¢ V, and let us prove that (3.2) and (3.3) hold: We consider the equation (i, )
which is associated with the variable (3, j).

Let us suppose that 2. ;) = —1. If j € S (so 2j11,; = —1), then by (LICP1) we have
—1 < fij(x;) < 1. Thus z;41; < f; j(x;), which means g; ;(Xq,...,%xp) < 0. Now if j € UT
(so z; j = —1), then by (LICP2.1) we have f; j(x;) < —1. Thus f; j(x;) < x;;, which means
Gi,j(Xas ..., %p) < 0. Finally, if j € U™ (so z; ; = —1), then by (LICP2.1") we have f; j(x;) > 1.
Thus f; j(x;) > x; j, which means g; j(Xq,...,%p) < 0. So (3.2) is satisfied in all cases.

Similarly, let us suppose that z.(; ;) = 1. If j € S (so w;41,; = 1), then by (LICP1) we have
—1 < fij(x;) < 1. Thus f;;(x;) < Zx(; ), which reads as g; j(Xa,...,%p) > 0. Now if j € ur
(so w;; = 1), then by (LICP2.2) we have f;;(x;) > 1. Thus f;;(x;) > x(;;), which means
Gij(Xqs-..,Xp) > 0. Finally, if j € U™ (so z; ; = 1), then by (LICP2.2’) we have f; j(x;) < —1.
Thus f; j(x;) < x;j, which means g; j(Xq4,...,%p) > 0. So (3.3) is satisfied in all cases. [ ]

Theorem 3.2 is now extended to bi-infinite sequences.

Theorem 3.3. Let S and U be a partition of {1,...,n}. Consider a sequence (f;)icz of
continuous maps, and suppose that f; satisfies the (S,U)-LICP for all i € Z. Then there
exists a bi-infinite orbit (x;);cz bounded in B(0,1).

Proof. For an arbitrary m € N, we can apply Theorem 3.2 with a = —m and b = m, hence
proving for all m € N the existence of finite length orbits

(3.4) (me, XT_er+1, . ,x%_l,x%)

such that x;", | = fi.(x}*). Note that, from another point of view, with each k € Z can be
associated the sequence

K|+
(3.5) S = (xIFH ey,
and that the subsequences of Sj, are (xlkka “)ien, where (p;)ien is a strictly increasing sequence
of nonnegative integers. Let us denote the accumulation points of S;, by Ay, which is nonempty
since the sequence is bounded.
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First, we show that for all kK € Z

(3.6) xi, € A, = fi(x;) € Ay
Since xj € Ay, it is the limit of a subsequence (X',pr ren of Sk, and f being continuous we
obtain

(3.7) fi.(x);) = lim fy, (kaHpi).

1—00
Now for |k| + p; > |k + 1| we have fk(x‘kkai) = x‘kkrlrpi, so fi(x}) is the limit of a subsequence
of Sp41. Therefore fi,(x}) € A1, which proves (3.6).

Second, we show that for all k € Z
(3.8) xp € Ay = Ix;_; € Ap1, i1 (x5_1) = x5
Again xj is the limit of a subsequence (kaHp Yken of Sk. We consider now (ka_lj;pi“)keN,
which is a subsequence of Si_1 since |k| + p;+1 > |k — 1|. Since this sequence is bounded, it
has a subsequence (ka_‘JIp ;) keN Which converges to some xj_,. Since this subsequence is also
a subsequence of Sj_;, we have x; _; € A;_;. Using the continuity of f;,_; we prove
(3.9) fr(xz_;) = lim fj (x‘kk_l—;p;) = lim x‘kkl—% = X},

1— 00 1— 00
which proves (3.8).

Finally, since Ay is nonempty, we consider xj; € Ap, while (3.6) and (3.8) prove that it
can be extended forward and backward to a bi-infinite orbit bounded inside B(0,1). |

Theorems 3.2 and 3.3 present several advantages with respect to usual shadowing theorems
like the shadowing lemma [19], Stoffer and Palmer’s shadowing lemma [35], and Young, Hayes,
and Jackson’s containment theorem [41]: First, they do not need f to be differentiable or
injective, while the three former do require both. Second, the LICP requires only 2 card(S)+1
simple interval evaluations to be verified (see Example 2). However, the price paid is the
uniqueness of the shadow: The shadowing theorems of [19] and [35] do prove the uniqueness
of the shadow in addition to its existence. It can be seen trivially that uniqueness does not
hold in general for Theorem 3.3, as the identity matrix does satisfy the LICP while admitting
every constant bi-infinite sequence as orbits. However, uniqueness is necessary for embedding
purposes in section 4. Section 3.2 provides a uniqueness sufficient condition that will be used
in the section 4.

The following example illustrates the power of Theorem 3.3: Three interval evaluations
performed with rounded floating point computations allow proving the existence of a bi-infinite
length orbit for a nonlinear dynamical system which lacks injectivity and differentiability.

Ezample 2. Consider the continuous function f(x) = M g(x), where

(3.10) M= <_()(‘)?1 0;) and g(x) = ("“ _0‘5|> .

z9 — 0.12%
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N )

Figure 3. Representation of the image of ([—1,1],[—1,1]) by the function £ defined by (3.10) (the darker
area shows the self-overlapping of the image). The boundary of B(0,1) is represented by a dashed rectangle.
The image of B(0,1) and of its upper and lower sides are enclosed by rectangles, which obviously show that £
satisfies the ({1}, {2})-LICP.

An approximation of the image of B(0,1) = ([~1,1],[—1,1])T by f is depicted in Figure 3. Tt
clearly shows that f is neither differentiable nor injective inside B(0,1). Let [f] be the natural
interval extension of f. Then,

(3.11) [f]( [-1,1] , [-1,1] ) = ([<0.11,0.85], [-2.35,2]),
(3.12) [£]( [-1,1] , —1) = ([~0.11,0.65], [-2.35, —2.]),
(3.13) [£]( [-1,1] , 1) = ([0.09,0.85],[1.65,2.]).

These three rectangles are also represented in Figure 3. These computations prove that f
satisfies the ({1}, {2})-LICP. As a consequence, one can apply Theorem 3.3 with f; = f for all
i € Z, which proves the existence of a bi-infinite orbit (x;);cz bounded in B(0, 1).

3.2. A sufficient condition for the uniqueness of the shadows. Theorem 3.3 applies in
situations where the maps are not hyperbolic. In order to obtain uniqueness of the shadow, an
additional hypothesis on the Lipschitz matrices of the maps is required that somehow forces
the maps to be hyperbolic. To this end, we introduce the following definition.
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Definition 3.4. For some ¢ > 0 and S and U forming a partition of {1,...,n}, a matric
A € R™™" s called e-canonically® hyperbolic with respect to S and U (for short, e-(S,U)
canonically hyperbolic) if for alli € {1,...n}

(3.14) €S = > lay| < 1—¢
j
(3.15) iU = lag| =Y lagl >1+e
i

Furthermore, an interval matriz [A] € IR™ ™ is called e-(S,U) canonically hyperbolic if for all
ie{l,...n}

(3.16) ieS = > gl < 1—¢
J
(3.17) ieU = (lay]) =Y llagll =1+e
J#i

It is obviously seen that an e-(S,U) canonically hyperbolic interval matrix contains only
e-(S,U) canonically hyperbolic real matrices.® As a typical example, the interval matrix

[~0.3,0.3] [~0.3,0.3] [-0.3,0.3]
(3.18) [~0.1,0.1] [1.3,1.4] [-0.1,0.1]
[~0.3,0.3] [~0.3,0.3] [-0.3,0.3]

is €-(S,U) canonically hyperbolic for e = 0.1, S = {1, 3}, and U = {2}.

The following proposition is the main property of e-(S,U) canonically hyperbolic matrices
that will be used later.

Proposition 3.5. Let Ay, € R™™ fork € {—K,..., K —1} be e-(S,U) canonically hyperbolic
matrices for e > 0. Consider ux, € B(0,1) CR" fork € {—K, ..., K} such that ux11 = Apug.
Then ||ug|| < (1 +¢)~ XK.

Proof. Define my, = arg max; |uy;|, so |[ug|| = |tukm,| < 1. First, we claim that

(3.19) €S = Jupnil < (1—)lfuel].

Indeed, [ugi14] = |(Ar up)il < 325 lakijllue;| < [[ugl[(32; |aij|) and the claim comes by (3.14).
As a consequence, we have

(3.20) M1 €S = [[upp] < (1 = €)ffugl].

Now, two cases arise. First, my € S for all k € {—K,...,0}. Using (3.20) inductively we
show that ||ug|| < [[u_g||(1 — €)% < (1 — €)X, Finally, note that (1 — ) < (1 + €)= since
l+e)(l—e)=1-€<1.

2Here canonically emphasizes the fact that this class of matrices has its stable and unstable manifolds close
to the canonical basis vectors.
3This is since by definition of magnitude and mignitude a;; € [ai;] = |ai;| < |[ai;]] and aij € [aij] = |aij| >

(las;])-
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Second, there exists k* € {—K,...,0} such that my € U. We first claim that £k € U
implies both ||[ug41|| > (1 + €)||ug|| and my1 € U. With my, denoted by m for clarity,

(3.21) 1| = 1Ak W)y | = 1Ak W] =D apmjuin]
j

(3.22) > ‘akmmHukm‘ - Z ’akijukj‘

j#m
(3.23) = |t | [e]| = > larmjlug]

j#m
(3.24) > [ [[0k]] = |akm;] [[ugl]

j#m
(325) = (‘akmm’ - Z ‘akmj’> HukH7

i#m

and finally (3.15) shows that ||ug11|| > (1+¢€)||ug||. For the second part of the claim, suppose
that mgyq1 € S, so by (3.20) we have ||ugs1]| < (1—¢)||ug||, but this contradicts the previously
shown inequality, and therefore my; € U. Finally, applying the claim inductively from k£* to
0 shows that mg € U and then from 0 to K shows that |[ug]|| > (1+€)%|Jug||. Since ||jug|| <1
we have proved that ||ug|| < (1 + )7, [ ]

Now, we have the following consequence of Proposition 3.5.

Theorem 3.6. Let S and U be a partition of {1,...,n}. Consider two orbits (Xg)kep and
(Yu)ker of (fr)ker\fmy, where E = {k € Z : |k| < m}, that are bounded inside B(0,1).
Suppose that [Ly] are LIMs for fi, and B(0,1) that are e-(S,U) canonically hyperbolic for
€ > 0. Then ||xg — yo|| < (14 €)™™, and furthermore if m = oo, then (Xg)rez = (Y )kez-

Proof. For an arbitrary k € {—m,...,m — 1},

(3.26) Xp1 — Yit1 = f(Xe) — fe(yr) = Lr (Xx — y&)

for some Ly € [Lg]. Thus the sequence (hy)rcz defined by hy = %(xk — yi) satisfies hy 1 =
Lihy and ||hg|| < 1. As the interval matrices [L] are e-(S,U) canonically hyperbolic for
€ > 0, so are the real matrices L, and we can apply Proposition 3.5, thus proving that
||ho|| < (14 €)~™. Now if m = oo, we define instead hy = 3(Xp+c — Yitc) for an arbitrary
¢ € Z, and prove similarly that ||hg|| < (1 + €)™¥ for an arbitrary K € N. Thus actually
hy = 0, which proves (xx)rez = (Y& )kez- [ |

Ezample 3. Continuing Example 2, we obtain the following LIM computing the natural
extension of the derivative of f (the absolute value is differentiated as explained in section 2.3):

~ ([-0.52,0.52] 0.1
320 4 '_< [-0.5,0.5] 2 )

The interval matrix [A] is 0.3-(S,U) canonically hyperbolic. Therefore Theorem 3.6 (with
[Ax] = [4] and f; = f) proves the uniqueness of the shadow whose existence was proved
in Example 2. Note that since the dynamical system is autonomous (i.e., fy = f for all
k € Z) the uniqueness of the shadow implies that this shadow is constant. Indeed, if it
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were not constant, then (yg)rez defined by yr = f(xj) would be a shadow different from
(Xk)kez, which is impossible. Hence, we have finally proved that f has a unique fixed point
in B(0,1). And indeed, it can be verified formally that f actually has two fixed points which
are approximately (49.515,495.248) and (0.169, 0.0388).

3.3. Application to general dynamical systems. The LICP is intended to be used for the
pseudotrajectories (...,0,0,0,...) and unstable and stable directions close to axes. Let us
now detail how it can be used together with an affine change of variables in the case where the
pseudotrajectory is (X;)icz, X; € R, and (4;)icz, 4; € R"*", is a sequence of matrices whose
columns are vectors approximating the unstable and stable directions at x;. Theorems 3.3
and 3.6 are now extended to such general orbits. Without loss of generality, we consider an
autonomous dynamical system f : R” — R".

The local inductive containment property is generalized to arbitrary pseudo-orbits with
local stable and unstable directions nonparallel to axes by using an affine change of variables.
This is done rigorously using parallelotopes centered on the pseudo-orbit vectors. A paral-
lelotope is the image of B(0,1) by an affine transformation. The parallelotope {Au + x :
u € B(0,1)} with A € R™™ and x € R" is denoted by (4,x). A parallelotope is said to be
nonsingular if its characteristic is nonsingular. Then the LICP is generalized as follows.

Definition 3.7. Let f : R® — R"™ be a continuous map. Let S and U form a partition of
{1,...,n}. Then we say that £ satisfies the (S,U)-ICP from the nonsingular parallelotope
(A, %) to the nonsingular parallelotope (B,¥) if the function £ : R" — R"™ defined by

(3.28) f(u) := B! (f(Au+%) - y)

satisfies the (S,U)-LICP. Furthermore, we say that f satisfies the (S,U)-ICP for a sequence
of parallelotopes ((Ax,Xi))kez if it satisfies the (S,U)-ICP from (Ag,Xk) to (Ak+1,Xk41) for
all k € 7.

This definition can be interpreted directly in terms of parallelotopes, roughly speaking
requiring that the image of the upper-side of the parallelotope (A, %) be above the upper side
of the parallelotope (A, %), and so on. Such a formulation of Definition 3.7 was proposed
in [41]. Then Theorem 3.3 is generalized to Corollary 3.8, which allows handling general
orbits with stable and unstable directions that are not aligned axes. The hypotheses of
Corollary 3.8 are similar to those of Theorem 1 of [41] but expressed in a simpler way using
the LICP. Corollary 3.8 also generalizes Theorem 1 of [41] to continuous maps that are not
diffeomorphisms and to bi-infinite pseudo-orbits.? We say that a sequence (x;);cz hits a
sequence of sets (F;);cz if and only if x; € E; holds for all i € Z.

Corollary 3.8. Let S and U be a partition of {1,...,n}. Suppose that £ satisfies the (S,U)-
ICP for a sequence of nonsingular parallelotopes ({Ag,Xk))kez- Then there exists a bi-infinite
orbit (ch)keZ; i.e., Xk+1 — f(Xk), that hits ((Ak,ik»kez.

Proof. Define for k € Z

(3.29) fi(u) == AI;_,’I_I (f(Aku + xi) — ch—i—l)-

“For simplicity, Corollary 3.8 is stated for bi-infinite orbits only but obviously holds for infinite and finite
orbits.
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By definition of the (S,U)-ICP every fj, satisfies the (S,U)-LICP. Thus Theorem 3.3 proves
the existence of (ug)rez such that ug; = fk(uk) and uy € B(0,1). Finally, it is easy to check
that x; := Apuy + X, is the wanted orbit. [ ]

To rigorously verify that the LICP holds for (3.28), we need just to be able to evaluate
an interval enclosure of f for some box [u] C B(0,1) (this box being either B(0,1) when
hypothesis (LICP1) is considered or a side of B(0, 1) when hypothesis (LICP2) is considered).
Evaluating (3.28) using the naive interval evaluation

(3.30) B™H([f)(A[u] + %) —¥),

where [f] is, for example, the natural interval extension of f, generally gives rise to very
pessimistic enclosures that are useless. As usually done when such a change of basis is involved,
we use here the centered interval extension of f with expansion point midB(0,1) = 0: For a
box [u] € B(0,1) we have

(3.31) f([u]) € [£1(0) + L] [u],

where [f] is an interval extension of f and [L] is a LIM for f and (Ay,x;). This gives rise to
the following enclosure:

(3.32) f([u]) € Al (%) — Rer)+ (A [L]Ag) [ul,

where [f] is an interval extension of f (the natural extension can be used here) and [L] is a LIM
for f and C(Ay, %;,) = X+ Ag[u]. Note that when evaluating the product (A,;il [L]Ag)[u], it is
important to evaluate the matrix/matrix products first and then the matrix/vector product.
Indeed, the alternative evaluation (A,;il([L](Ak [u]))) is much more pessimistic in general.
Finally, in order to evaluate (3.32) rigorously, we need to compute a rigorous enclosure of the
inverse of a real matrix. For low dimensional matrices, this can be done by evaluating the
formal expression of the matrix inverse using IA. More generally, the method proposed in [30]
can be used.

We end this section with the following corollary of Theorem 3.6, which generalizes this
theorem to general orbits with stable and unstable directions that are not aligned axes.

Corollary 3.9. Let S and U be a partition of {1,...,n}. Consider two orbits (X )rep and
(Yi)ker, where E = {k € Z : |k| < m}, that hit the sequence of nonsingular parallelotopes
((Ak, Xi)) ke Suppose that [Ly] are LIMs for £ and (Ay,Xx) such that A,:il[Lk]Ak is e-(S,U)
canonically hyperbolic for e > 0. Then

(3.33) [Ix0 = yol| < [[AofI(1 + €)™,

and thus if m = oo, we have (Xk)kez = (Yk)kez-
Proof. Define uy, = A/,;l(x/rc —xy) and vj, = AEI(Yk —X) so that (ug)rep and (Vi)rep are
orbits of fi(u) := A,:il (f(Agu + X)) — Xk41) bounded in B(0,1). Note that A,:il[Lk]Ak is a
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LIM for f;, and B(0, 1), so we can apply Theorem 3.6, which proves that ||[ug—vq|| < (14+€)™™,
thus implying ||xg — yol|| < ||Ao||(1 + €)~™. Theorem 3.6 also proves that if m = oo, then
(up)rez = (Vi)kez, which is equivalent to (xg)rez = (Yi)rez.  ®

4. Chaotic dynamical systems. In this section, we consider a continuous function f :
R™ — R™ and two length p sequences of parallelotopes ((Ax, Xx))o<k<p—1 and ((Bg, ¥k))o<k<p—1-
Also we consider S and U forming a partition of {1,...,n}. The theorems proposed below
are based on the following hypotheses.

Hypothesis 1. Xg = ¥, Ag = Bp.

Hypothesis 2. (Ag«, Xp+) N (Bs, Y ) = 0 for some k* € {1,...,p —1}.

We denote min{d(x,y) : x € (Ag+,Xp+),y € (Bgx,yr+)} by €, so € > 0.

Hypothesis 3. f satisfies the {S,U}-ICP

1. from (Ag,Xg) to (Ags1,Xk41) for k€ {0,...,p— 2},
2. from <Ap_1,}~(p_1> to <A0,}~(0>,
3. from (By,¥i) to (Brt1,Yrt1) for k€ {0,...,p—2},
4. from <Bp_1,}~’p_1> to (Bo,570>.

The sequences (Xi)keqo,..p—13 and (Yir)re{o,...p—1} start with a common element, then
diverge enough so that their enclosing parallelotopes are disjoint, and finally converge back
to the initial common element. We call them branching periodic pseudo-orbits. Such pairs
of pseudo-orbits were used, for example, in [35] to prove that some dynamical systems are
chaotic. A simple but typical situation satisfying these hypotheses is shown in Figure 4. The
depicted relationships between domains and images are similar to the Smale horseshoe but
more general: The first step stretches the initial left-hand-side box, and its second step takes
two different parts of the stretched image back to the initial box. In fact, the Smale horseshoe
does satisfy the above hypotheses, as illustrated in Figure 4.

A fourth hypothesis is considered: For k € {1,...,p—1}, let [L?] (respectively, [LP]) be a
LIM for f and (Ag,Xi) (respectively, (B, ¥k)). Then we introduce the following hypothesis.

Hypothesis 4. For some € > 0 and a partition S,U, the interval matrices A,;il[Lf]Ak and
B A[LE]By for k € {0,...,p — 2}, and AG'[L |Ap—1 and By'[LE B, 1, are e-{S,U}
canonically hyperbolic for some € > 0.

The two theorems presented in the rest of the section use the above hypotheses to prove
that a system is chaotic in various senses. The first theorem shows that under these hypotheses,
the map f? = fo---of is chaotic in the sense of Li and Yorke and in the sense of Devaney (see
the next subsection for details). The second theorem provides a more accurate description
of the chaotic behavior of the system: Under the additional hypothesis that f is injective, it
allows us to show that the map fP admits a subsystem that is topologically conjugate to the
Bernoulli shift.

4.1. The full shift on two symbols and chaos. Let ¥ = {0,1}% be the set of bi-infinite
sequences of 0 and 1. This set is made a compact metric space using the distance d(«, ) :=
max{2_|k‘ ik € Z,ap # Br}. Note that two sequences «, 5 € ¥ satisfy ay = B, for all k such
that |k| < n if and only if d(a, ) < 27". Finally, the topological shift map o : ¥ — X is
defined by o(a)r = ags1. The shift map is chaotic following most definitions of chaos.

For a dynamical system f : X — X, where X is compact, the topological entropy is
defined as follows: First, a set £ C X is called (n, €)-separated if for all x,y € F, x # y, there
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Figure 4. The upper graphic shows a diagrammatic representation of the ICP: The image of the square on
the left is enclosed by the large rectangle on the right, while the images of the left and right sides of the square
are enclosed by the smaller interior rectangles on the right. The central graphic shows a typical situation that
satisfies Hypotheses 1, 2, and 3 with p = 2: From lighter to darker gray, (Ao,%o0) = (Bo,yo), (41,%1), and
(B1,y1) (stable and unstable directions are parallel to the axis for simplicity). The lower graphic shows that
the Smale horseshoe map actually satisfies the constraints required by the central graphic.

exists k < n such that d(f*(x), f*(y)) > e. The maximum cardinality of an (n, €)-separated
is denoted by N(n,e€) (and is finite since E C X is bounded). Then, the topological entropy
hiop(f) is defined by

(4.1) hiop(f) = 21_13(1) (liglso%p %logz Ny(n, e)> .

The shift map has a strictly positive topological entropy, which implies Li—Yorke chaos (see [5]).
The shift map is also Devaney chaotic, as it is sensitive (there exists e > 0 such that any
x € X is a limit point for points y € X satisfying the condition d(f"(x), f"(y)) > € for
some positive n) and topologically mixing (for any pair of open sets U,V C X, there exists
k > 1 such that T"(V) N U # 0 for all n > k) and the set per(o) of its periodic points (i.e.,
per(f):={z € X :3p >0, fP(x) = x}) is dense inside X. Details can be found in [19, 23] and
the references therein.

4.2. Chaotic noninjective dynamical systems. Since the map f is not injective, we will
not be able to make the usual use of topological factor or conjugacy with the shift map.
Instead, we will use the following proposition.
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Proposition 4.1. Let F' and G be metric spaces, and consider three maps h : G — F,
g:G— G, and f: F — F satisfying h continuous and surjective, and f oh = ho g (that is,
f is a topological factor of g).> Then the following implications hold:

e per(g) dense in G implies per(f) dense in F.
e g topologically mixing implies f topologically mizing.

Proof. As h is continuous, we have for all z € G

(4.2) Ve > 0,36 > 0, h(B(z,0)) € B(h(z),e).

Let us prove the first implication. Consider an arbitrary y € F. As h is surjective, there
exists « € G such that y = h(z). By assumption, per(g) is dense in G, so

(4.3) Vé > 0,per(g) N B(z,d) # 0.

As obviously h(per(g)) C per(f), (4.3) implies for all § > 0, per(f) Nh(B(z,d)) # 0. Finally,
considering (4.2) we obtain for all € > 0, per(f) N B(h(z),€) # 0.

Let us prove the second implication. Suppose that the function g is mixing; that is, for
all z,2’ € G and all 6, > 0 we have

(4.4) N > 0,Vn > n, ¢"(B(z,8)) Ng"(B(z',d)) # 0.

Now, ¢"(B(z,0)) N g"(B(a',d")) # 0 implies h(g"(B(x,0))) N h(g"(B(a',d"))) # 0, which
implies f"(h(B(z,4))) N f*"(h(B(2',d"))) # 0 since f oh = hog. So we have proved that for
all 7,2’ € G and all 6,6’ > 0 we have

(4.5) AN > 0,Yn > N, f"(h(B(x,8))) N f"(h(B(z',5))) # 0.
Together with (4.2) this proves that for all x,2’ € G and all ¢, > 0 we have
(4.6) AN > 0,Yn > N, f"(B(h(z),€)) N f"(B(h(z'),€)) # 0.

As h is surjective, the statement actually holds for all y,y/ € F with y = h(z) and
y=nh(z). N

We can now prove the following theorem.

Theorem 4.2. Assuming Hypotheses 1, 2, and 3, there exists a bounded set A such that
fP(A) C A and hiop(fP|A) is strictly positive. If, furthermore, Hypothesis 4 holds, then fP|y is
sensitive and mizing and its periodic points are dense in A.

Proof. For every a € ¥, consider the bi-infinite sequence of parallelotopes ((Cy',z3))kez
defined by

1 C]? = Akmodp and i% = X modp if Apep = 0,

o O = Bimodp and z§ = Y modp if gy = 1.
This corresponds to building a bi-infinite pseudo-orbit (zy)xez by switching between the
pseudo-orbit (Xy)req1,..py and the pseudo-orbit (¥x)re(i,..p) depending on ag. Then Hy-
potheses 1 and 3 obviously imply that for every k € Z the function f satisfies the {S,U}-ICP

SHere, topological properties are inferred from g to its factor f, while the other direction is usually used
(e.g., a well-known property is that if the factor f has a positive topological entropy, then so does g).
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from (C},z3) to (Cy 1,25, ), so we can apply Corollary 3.8 to prove that there exists a
bi-infinite orbit (zj)rez that hits ((Cf,z%))rez. We denote this orbit by (zf)ren and define
h:3 xZ — R" by h(a, k) = zf. Finally, we define

(4.7) A = h(S,k* +pZ),

where k* is defined in Hypothesis 2. The elements of A are thus z. tip for some a € ¥
and ¢ € Z, and we have zj. ;, € (Agr, Xp+) if a; = 0 or Zie gy € (B+,yi+) if o = 1.
Therefore A is bounded since it is a subset of (Agx,Xp+) U (Bg+,¥k+). Finally note that
(25 1ip) = Zhe i (i41)p € Ay s0 FP(A) C AL

Let us prove that hyop(fP[a) > 1. Let 3, be the set of g-periodic elements of ¥; thus
card ¥, = 29. Then define E, = h(X,,k*) C A. We are going to prove that E, is (g, €*)-
separated and that h(-, k*) is injective inside £, (so card E, = 29), which will imply h¢op (£7]4) >
1 by definition of the topological entropy. Consider z{., zg* € B, with o # 8. As cvand (3 are g-
periodic and different, there exists i € {0,1,...,¢—1} such that «; # ;. Define k* := k* +ip,
and note that by Hypothesis 2 the minimal distance between (C},,z{; ) and <C’£ +, Zi L) s €.
Finally, since (f7)(z{.) = 28, € (C¢,,2%,) and (fp)i(zf*) = z£+ € <C]f+,i§+>, we have proved
that d((f?)"(z%.), (fp)i(zg*)) > ¢* for some 0 < i < ¢ and therefore that the set Ej is (g, €*)-
separated. This also proves that zf. # zf* (since their images through (f?) are different) and
therefore that h(-, k") is injective inside K.

Now suppose that Hypothesis 4 holds. Thus by Corollary 3.9, (zf)ken is the unique
orbit that hits ((CY,Zg))kez. The sequence (£fP(z}))ken is equal to (zf,,)ken and hits

((CRipr 23, ) Jkez, the latter being equal to ((Co(@k 77(@k)), . As there is only one or-

bit that hits this latter sequence of parallelepipeds, this proves that (f(zf))ren is equal to
(zz(a))keN. As a consequence, (f[p)P o h = hoo, where h : ¥ — (Ag+,Xp+) U (Bp=, ¥i=) 18
defined by h(«) := h(a, k*). This implies in particular that

(4.8) (f]A)*? o h = hoot

and h(a, k* + pk) = h(c"(a), k*), which proves that A = h(X).

We proceed by proving that h is continuous inside A. Let us consider a sequence (ay)ken,
ar € X, that converges to 8 € X. We just have to prove that (h(ag))ken converges to h(5).
So for all ¢ € N, there exists K € N, where k > K implies oy, ; = f; for all j € {—i,...,i}.
Therefore (z5*)jep, P = {—pi,...,pi}, and (Zf)jep are orbits of f that both hit ((CY, 2¢))rep-
In this situation, by Hypothesis 4 we can use Corollary 3.9, which proves that ||zy* — zj|| <
[|Ao]|(1 + €)7P%, and thus (zy*)ken converges to zg. Finally, since f is continuous, (z¥)ken
converges to zg*, which actually means (h(ay))gen converges to h(f3).

Since h is continuous and surjective, fP|5 is a topological factor of 0. So we can apply
Proposition 4.1 and prove that f?|, is both mixing and that its periodic points are dense in
A.

It remains to prove that fP|5 is sensitive. Consider an arbitrary x € A, so there exists
B € ¥ such that x = h(8). Define the sequence (ay)ken, o € X, by ax; = (; for i # k and
apr =1 — By (so o¥(B)g # o (ax)o). This sequence obviously converges to 3. Furthermore,
since h is continuous, yj := h(ax) converges to x. Now using (4.8) we prove that fP*(x) =
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£P(h(B)) = h(c*(8)) and £*(y*) = £7*(h(ay)) = h(o*(ay)). Finally, since o*(8)o # o™ (ar)o,
both fP*(x) and fP*(y*) must lie in different parallelotopes (A, Xp+) and (Bp+, ¥g+), which
proves by Hypothesis 2 that d(fP*(x), fP*(y*)) > €*, hence finally showing that fP|, is sensi-
tive. |

4.3. Chaotic injective dynamical systems. Theorem 4.2 can be sharpened under the
additional assumption that the map is injective. We obtain the following theorem, which
allows showing that an injective map is topologically conjugate with the full shift on two
symbols, thus obtaining the same conclusion as [35] but under hypotheses based on the ICP.

Theorem 4.3. Assume that f is injective in addition to Hypotheses 1, 2, 3, and 4. Then
there exists a set A such that fP(A) C A and the restriction fP|5 of fP to A is topologically
conjugate to o; i.e., there exists a homeomorphism h : % — A such that fP|y o h = o o h.

Proof. From the proof of Theorem 4.2, we know that f?|5 is a topological factor of o. In
order to prove that both maps are actually topologically conjugate, it remains just to prove
that h : ¥ — A = h(X) is a homeomorphism. In fact, we prove just that h is injective, since a
bijective map between compact metric spaces is a homeomorphism (see [8]). Consider «, 5 € &
such that h(a) = h(p), that is, zf}, = zf*. Since f is injective, this implies (2 )rez = (Z’g)kez-
Finally, by Hypothesis 2 this implies o = 3, and thus A is injective. |

5. Numerical applications.

5.1. Computing branching periodic pseudo-orbits and their stable and unstable direc-
tions. In order to use Theorems 4.2 and 4.3 we need to find two sequences of parallelotopes
((Ag, Xk))o<k<p—1 and ((Bk,¥k))o<k<p—1 that satisfy Hypotheses 1, 2, 3, and 4. So that in-
terval extensions are sharp and taking into account the simplicity of the system’s expressions
(there are only a few multiple occurrences of variables, which makes interval evaluation very
efficient), we expect that the size J of the parallelotopes can be around 1073, while we will
need the distance between the branching periodic pseudo-orbits to be negligible with respect
to this size, hence around 107°.

The first step is to find such branching periodic pseudo-orbits. The task is easily carried
out by some random search since we expect the number of periodic points to grow exponen-
tially with respect to the period. Let us denote these two pseudo-orbits by (Xx)iefo,... p—1} and
(Vi )ke {0,...p—1}- Once these periodic pseudo-orbits are found, we need to compute approxima-
tions of their stable and unstable directions. In the two dimensional case, this is easily done by
iterating forward the derivative in the tangent space for finding normed vectors approximating
the unstable directions and backward the inverse of the derivative for finding normed vectors
approximating the stable directions (for higher dimensions, a QR decomposition is usually
additionally used to prevent all vectors from converging to the strongest unstable direction).
The computed directions form the columns of the matrices (A )reqo,... p—13 and (Bk)refo,...p—1}
which are scaled so that the norm of each column is . Note that we expect that Ay and By
will represent approximately the same unstable and stable directions. Finally, we change X
and yo to 0.5(%X¢ + ¥o), and Ay and By to 0.5(Ag + By), so that (Ag,X¢) = (Bo,yo) and
Hypothesis 1 is satisfied.

We have so far constructed two sequences of parallelotopes

(5.1) ((Ar,Xx))o<k<p—1 and ((Br,¥&))o<k<p—1-
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Figure 5. Cumulative expansion (left) and contraction (right) for the two branching periodic pseudo-orbits
(up and down) for the Tinkerbell map.
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Figure 6. Cumulative expansion (left) and contraction (right) for the two branching periodic pseudo-orbits
(up and down) for the Hénon map.

If the map were uniformly expanding and contracting, then Theorems 4.2 and 4.3 could be
applied directly to them. However, Figures 5 and 6 show that the maps under study are not
uniformly expanding and contracting. Therefore, we need to tune the norm of the columns of
A and By, so as to compensate for the lack of expansion and contraction, which can easily
be done automatically.
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Figure 7. Verification of the LICP for the last step of the Tinkerbell couple of branching periodic pseudo-
orbits.

5.2. The Tinkerbell map is chaotic. The Tinkerbell map [29] is defined by

2 2
_ (x] +axy — x5 + bxo
(5.2) f(x) = < cr1 + 2x129 +dxg )

We use the standard parameter values a = 0.9, b = —0.6013, ¢ = 2., and d = 0.5, which give
rise to the strange attractor depicted in Figure 1. The following two vectors can be used to
build branching periodic pseudo-orbits of period 37 and their unstable and stable directions:
(5.3) —0.16148450580019486 ) —0.16144419627383078
' —0.43326600041803776 ' —0.433256643512554

The parallelotopes resulting from the process described in the previous subsection can be found
in 81901_01.zip [local/web 22.4KB] together with the C++ code to verify the hypotheses of
Theorem 4.2. The following first and last parallelotopes can be extracted from this archive:

3 B 0.000352  0.000093 (—0.161464
(5.4) (Ao, %0) = (Bo,¥o) ~ <<—0.000935 0.000034) ) <—0.433261>> ’
55 (g %) ~ 0.00000071  0.000033) [ —0.146851

: 36,736 —0.00000073  0.000195 ) "\ —0.676514 ) /
56 (Bu. 20} ~ 0.00000063  0.000049\ [ —0.146855

: 36, Y36/ A \ —0.00000064 0.000279 ) * \ —0.676457 ) /-

Figure 7 shows the images of (Asg,X36) and (Bsg, y36) inside the basis of (Ag,%Xg). We
can clearly see that the LICP is satisfied. More generally, the execution of the provided code
shows that the hypotheses of Theorem 4.2 are all satisfied and therefore that the Tinkerbell
map is chaotic in the sense of Theorem 4.2.
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5.3. The Hénon map is topologically conjugate to the full shift on two symbols. For
the Hénon map, we use the same branching periodic pseudo-orbits as in [35]:

(5.7)

0.7545200204672611 ) 0.7545213108637951
0.1664237457349109 ’ 0.16640114136214962 ] -

Parallelotopes obtained are available in the same archive as previously; the execution of the
provided C++ code proves that the hypotheses of Theorem 4.3 are satisfied and therefore
that the Hénon map is topologically conjugate to the full shift on two symbols. We therefore
reproduce the result obtained in [35] by using a containment shadowing argument.
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