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Abstract

A basic problem of interval analysis is the computation
of a superset of the image of an interval by a function, called
an outer enclosure. Here we consider the computation of
an inner enclosure, which is asubsetof the image. Inner
approximations are harder than the outer ones in general:
proving that a box is inside the image is actually equivalent
to proving existence of solutions for a collection of systems
of equations. Based on this remark, a new construction of
the inner approximation is proposed. Then, it is shown than
one can apply these ideas in the context of ordinary dif-
ferential equations, hence providing some tools of potential
interest for the theory of shadowing in dynamical systems.

1 Introduction

Interval analysis is naturally used to construct subsets
(also calledouter approximations, enclosures) of the range
of real functions, i.e. intervals that rigorously contain the
image of some domain by the function (see [12, 8] for
some introduction to interval analysis). Constructing in-
ner approximations of the range of a real function—i.e.,
intervals that are rigorously contained inside the image of
some domain by the function—needs additional develop-
ments. Although many authors have investigated the con-
struction of inner approximations in the case of functions
f : Rn −→ R (see [25, 22] and references therein), a
lot of work remains in the case of vector-valued functions
f : Rn −→ Rm. There is a direct relationship between
inner approximation and existence theorems for systems of
equations. Indeed, if one is able to build an inner approx-
imation I ⊆ range(f,x) then0 ∈ I is obviously a suf-
ficient condition for∃x ∈ x f(x) = 0. On the other
hand, it seems that many existence theorems can naturally
be used in order to build some inner approximation: defin-
ing gz(x) = f(x) − z, I ⊆ range(f,x) holds if gz(x) is
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proved to have a zero inx for all z ∈ I. Hence, a parame-
terized version of an existence theorem would be useful.

This observation leads to a branch and prune algorithm
[6], hence allowing inner approximation of the range of
vector valued functionsf : Rn −→ Rn. Such bisection
algorithms are not well suited when the dimension of the
image is not small, or when the evaluation of the function
and its derivatives are expensive. In these cases, it may be
useful to build an inner approximation of a small interval
domain in one computation, in a similar way as the mean-
value extension to intervals provides an outer approxima-
tion in one computation. The present paper provides such
a construction. Thus, when the interval domain is small
enough (roughly speaking when the mean-value extension
computes an accurate outer approximation) one will be able
to build both inner and outer approximations of the image
of the interval domain by a functionf : Rn −→ Rn. To this
end, we need only an interval enclosure of the image of the
center of the domain, and an interval Lipschitz matrix for
the whole domain. Hence, the inner approximation comes
for almost no additional computational cost beyond that of
the outer approximation.

Some potential applications of such inner approxima-
tions are foreseen in the context of shadowing dynamical
systems [9]. Therefore, some techniques dedicated to the
computation of some Lipschitz interval matrix of the so-
lution to the IVP with respect to the initial condition are
presented in a last section. In this context, the computation
of a Lipschitz interval matrix involves the evaluation of the
Taylor expansion (of dimensionn2 + n), and is hence very
expensive. Computing an inner approximation for the same
cost as the outer approximation is therefore very valuable in
this context.

2 Interval Analysis

We assume a familiarity with basic interval analysis [11,
8, 17, 1, 20, 10]. Following [13], intervals, interval vectors
and matrices are denoted by boldface letters.

Definition 1 (Lipschitz interval matrix (LIM)). Let φ :



Rn −→ Rm be a continuous function andY ⊆ Rn. The
interval matrixJ ∈ IRn×m is a LIM for φ andY if and
only if (

∀x, y ∈ Y
)(
φ(x)− φ(y) ∈ J · (x− y)

)
, (1)

or equivalently(
∀x, y ∈ Y

)(
∃J ∈ J

)(
φ(x)−φ(y) = J · (x− y)

)
. (2)

The existence of a LIMJ for φ andY implies that the
function is Lipschitz insideY with constant||J||. If φ is
continuously differentiable then

∂φ(x)
∂x

∣∣∣
y
, (3)

i.e. the partial derivative ofφ(x) with respect tox evaluated
at y, is denoted byφ′(y) when no confusion is possible.
In this case, it is well known that any interval matrix that
contains{φ′(x) | x ∈ Y} is a LIM for φ andY [20]. Let
us also recall that a LIM gives rise to the following interval
enclosure (usually called themean-value extention):

Range
(
f,x

)
⊆ f(x̃) + J · (x− x̃), (4)

whereJ is a LIM for f andx ∈ IRn andx̃ ∈ x.

3 Inner and Outer Approximations of the
Range of Real Functions

This section presents an inner approximation process for
functionsf : Rn −→ Rn. First box (i.e. axis-aligned in-
terval vector) approximations are constructed. Then, more
general parallelepipeds are used to allow inner approxima-
tion in a wider set of situations.

3.1 Box approximations

The well-known Poincaré-Miranda theorem (cf. [23]1)
is a generalization of the Intermediate Value Theorem to
continuous functionf : Rn −→ Rn. Interval analysis is
very well suited to a rigorous application of the Poincaré-
Miranda theorem. Theorem 1 below is a computationally
efficient corollary of the Poincaré-Miranda theorem [4].

Definition 2. Define x(i−) ∈ IRn and x(i+) ∈ IRn as
follows: x(i±)

k = xk for k 6= i and eitherx(i−)
i = inf xi or

x(i+)
i = supxi for k = i.

So,x(i±) is a pair of opposite faces of interval boxx.

1A scanned version of [23] is available at http://www.goldsztejn.com/
downloads.htm

Theorem 1. Let x ∈ IRn be an interval vector andf :
x −→ Rn be a continuous function. Consider a real vector
x̃ ∈ x. LetJ ∈ IRn×n be a LIM forf andx. Suppose that
∀i ∈ [1..n] both

sup
(
fi(x̃) + Ji: · (x(i−) − x̃)

)
≤ 0 (5)

and

0 ≤ inf
(
fi(x̃) + Ji: · (x(i+) − x̃)

)
, (6)

whereJi: ∈ IR1×n is the ith raw of J. Then there exists
x ∈ x such thatf(x) = 0.

The following definition allows Theorem 1 to be conve-
niently reformulated to aid the forthcoming Corollary 1.

Definition 3. Let x, z ∈ IRn, x̃ ∈ x andJ ∈ IRn×n and
for i ∈ {1, . . . , n} define the reals

bi := sup
(
zi + Ji: × (x(i−) − x̃)

)
(7)

bi := inf
(
zi + Ji: × (x(i+) − x̃)

)
. (8)

Define, I
(
x, x̃, z,J

)
and O

(
x, x̃, z,J

)
in the follow-

ing way: if bi ≤ bi holds for all i ∈ [1..n] then
I
(
x, x̃, z,J

)
:= b (where bi = [bi,bi]). Otherwise

I
(
x, x̃, z,J

)
:= ∅. While,O

(
x, x̃, z,J

)
:= z + J(x− x̃).

Then Theorem 1 can be stated in the following way:
using the notations introduced in Theorem 1, if0 ∈
I
(
x, x̃, z,J

)
then there existsx ∈ x such thatf(x) = 0.

The following corollary of Theorem 1 allows one to build
inner approximations of the image ofx by f . Outer approx-
imation is also considered in Corollary 1 for an homoge-
nized presentation.

Corollary 1. Let x ∈ IRn be an interval vector andf :
x −→ Rn be a continuous function. Consider a real vector
x̃ ∈ x and an interval vectorz ∈ IRn that containsf(x̃).
LetJ ∈ IRn×n be a LIM forf andx. Then

I
(
x, x̃, z,J

)
⊆ Range

(
f,x

)
⊆ O

(
x, x̃, z,J

)
. (9)

Proof. The second inclusion is obvious. Now consider the
first inclusion. If theI

(
x, x̃, z,J

)
is empty then the first in-

clusion trivially holds. Now suppose that theI
(
x, x̃, z,J

)
is not empty and consider any fixedz ∈ I

(
x, x̃, z,J

)
and

define the auxiliary functiong(x) := f(x)−z. We just have
to prove thatg has a zero inx. The interval matrixJ is obvi-
ously also a LIM forg andx. By definition ofI

(
x, x̃, z,J

)
the following two inequalities hold∀i ∈ [1..n]:

sup
(
zi + Ji: · (x(i−) − x̃)

)
≤ zi ≤

inf
(
zi + Ji: · (x(i+) − x̃)

)
.

(10)



Becausefi(x̃) ∈ zi, we haveinf zi ≤ fi(x̃) ≤ sup zi and
therefore:

sup
(
fi(x̃) + Ji: · (x(i−) − x̃)

)
≤ zi ≤

inf
(
fi(x̃) + Ji: · (x(i+) − x̃)

)
.

(11)

Subtracting the fixed numberzi and noticing thatfi(x) −
zi = gi(x) we obtain

sup
(
gi(x̃) + Ji: · (x(i−) − x̃)

)
≤ 0 ≤

inf
(
gi(x̃) + Ji: · (x(i+) − x̃)

)
.

(12)

As this holds for alli ∈ [1..n], we can apply Theorem 1 so
thatg has a zero inx, which concludes the proof.

It is worth stressing that the rigorous outer rounding for
interval arithmetic leads to rigorous inner approximation
thanks to Theorem 1. TheI

(
x, x̃, z,J

)
can be nonempty

only if the interval matrixJ is close enough to the iden-
tity matrix. Formally,J has to be an interval H-matrix (i.e.
contains only H-matrices) as proved in [5]. This is very re-
strictive and preconditioning is the usual way to weaken this
restrictive necessary condition. The next section shows how
the preconditioning usually associated to Theorem 1 leads
to parallelepiped approximations when Corollary 1 is used.

3.2 Parallelepiped Approximations

Throughout the section, we consider a functionφ :
Rn −→ Rn and a setY0 wrapped between two
parallelepipedsA0 := {M0u | u ∈ a0} and B0 :=
{M0u | u ∈ b0} wherea0,b0 ∈ IRn andM ∈ Rn×n (i.e.
A0 ⊆ Y0 ⊆ B0). We aim to construct two parallelepipeds
A1 := {M1u | u ∈ a1} andB1 := {M1u | u ∈ b1} such
that

A1 ⊆ Y1 ⊆ B1 where Y1 := Range
(
φ,Y0

)
. (13)

We require the parallelepiped characteristic matricesM0

andM1 to be nonsingular. The actual description ofY0 be-
ing the wrapping parallelepipedsA0 andB0, we are going
to computeA1 andB1 such that

A1 ⊆ Range
(
φ,A0

)
and Range

(
φ,B0

)
⊆ B1, (14)

which obviously implies (13). In order to apply Corollary
1, we need to work in some auxiliary bases where paral-
lelepipeds will be represented by their characteristic boxes.
This is represented in the following diagram where the left
hand side represents the actual action ofφ, and the right
hand side represents the action ofφ in the auxiliary bases,
leading to the functionψ := M−1

1 ◦ φ ◦M0 (matrices are

identified to the linear mappings they represent).

A0 ⊆ Y0 ⊆ B0

φ

��

a0 ⊆ Ỹ0 ⊆ b0

ψ

��

M0oo

A1 ⊆ Y1 ⊆ B1 a1 ⊆ Ỹ1 ⊆ b1

M1oo

In the auxiliary bases, we havea0 ⊆ Ỹ0 ⊆ b0, where
Ỹ0 :=

{
M−1

0 y | y ∈ Y0

}
, and we need to constructa1 and

b1 such thata1 ⊆ Ỹ1 ⊆ b1, whereỸ1 := Range
(
ψ, Ỹ0

)
.

So we can use Corollary 1 and obtaina1 andb1 such that

a1 ⊆ Range
(
ψ,a0

)
⊆ Ỹ1 ⊆ Range

(
ψ,b0

)
⊆ b1, (15)

Therefore, coming back in the original basis (throughM1)
they give rise to the inner and outer approximationsA1 and
B1 that satisfy (14) and eventually (13). The matrixM1,
which gives the parallelepipedA1 andB1 their shape, can
be chosen arbitrarily. Some possible choices are proposed
in Subsection 3.3.

In order to apply Corollary 1 with the functionψ, we
need a LIM for this function andb0. The next proposition
aids the computation of such a LIM.

Proposition 1. Let J be a LIM for φ : Rn −→ Rn and
B := {Mu | u ∈ b}, whereM ∈ Rn×n and b ∈ IRn.
ConsiderM ′ ∈ Rn×n. Then,J′ := M ′ ·J ·M is a LIM for
ψ := M ′ ◦ φ ◦M andb.

Proof. For any u, v ∈ b, we haveψ(u) − ψ(v) =
M ′φ(Mu) −M ′φ(Mv) = M ′(φ(Mu) − φ(Mv)

)
. Now,

bothMu,Mv ∈ B andJ is a LIM for φ andB, so there
existsJ ∈ J such thatφ(Mu)− φ(Mv) = J(Mu−Mv).
Thereforeψ(u)−ψ(v) = M ′J(Mu−Mv) = M ′JM(u−
v). Finally, asJ′ ⊇ {M ′JM | J ∈ J}, we can findJ̃ ∈ J′

such thatψ(u) − ψ(v) = J̃(u − v), soJ′ is a LIM for ψ
andb.

The construction of the parallelepiped inner and outer
approximations is formalized by the following theorem.

Theorem 2. With the notations defined at the beginning of
the section, considera ∈ a0 andb ∈ b0 and define

a1 := I
(
a0, a,Ψa,J′

)
(16)

b1 := O
(
b0, b,Ψb,J′

)
, (17)

with J′ := M−1
1 JM0 whereJ is a LIM for φ andB0, and

Ψa and Ψb are interval vectors that contain respectively
ψ(a) andψ(b) withψ := M−1

1 ◦ φ ◦M0. Then

A1 ⊆ Range
(
φ,Y0

)
⊆ B1. (18)



Proof. Proposition 1 proves thatJ′ is a LIM for ψ and
b0 (and therefore also forψ and a0 becausea0 ⊆ b0).
From the definitions ofa1 andb1, we can apply Corollary
1 which proves

a1 ⊆ Range
(
ψ,a0

)
and Range

(
ψ,b0

)
⊆ b1. (19)

By definition of ψ, we have bothRange
(
ψ,a0

)
=

Range
(
M−1

1 φ,A0

)
and Range

(
ψ,b0

)
=

Range
(
M−1

1 φ,B0

)
. Therefore, applying the lin-

ear mappingM1 to each inclusion (19), we obtain
A1 ⊆ Range

(
φ,A0

)
and Range

(
φ,B0

)
⊆ B1, which

concludes the proof by (14).

All one needs in order to apply Theorem 2 is:

(i) Interval enclosuresΨa andΨb of ψ(a) andψ(b). In
general, it will be easy to compute some interval en-
closuresΦa andΦb of φ(M0a) andφ(M0b). Then one
can useΨa := M−1

1 Φa andΨb := M−1
1 Φb.

(ii) A LIM J for φ andB0. It will be easier to compute
a LIM J for φ andM0b0 (the interval vectorM0b0

being the smallest interval vector that containsB0 so
B0 ⊆M0b0).

In the case whereφ = φK ◦ · · · ◦ φ2 ◦ φ1, Theorem 2
can be applied inductively in the following way: letAk and
Bk be respectively inner and outer approximations of the
image ofY0 by the functionφk ◦ · · · ◦ φ2 ◦ φ1, with k <
K. Then knowingAk andBk we can computeAk+1 and
Bk+1 using Theorem 2. This process obviously preserves
the interpretations of the approximations, hence leading to
AK ⊆ Range

(
φK ◦ · · · ◦ φ2 ◦ φ1,Y0

)
⊆ BK .

Remark1. In the case whereAtk = ∅ for somek ∈ [1..K]
thenAtk = ∅ for k ∈ [k..K]. So, only the outer approxima-
tion component of Theorem 2 is used.

3.3 On the Choice of the Parallelepiped
Characteristic Matrix

The characteristic matrixM1 gives their shape to the par-
allelepiped approximationsA1 andB1. It can be chosen ar-
bitrarily. However, this choice will decide the quality of the
approximations.

As mentioned at the end of Subsection 3.1,I
(
x, x̃, z,J

)
can be nonempty only ifJ is an interval H-matrix. The LIM
of ψ that will be used isM−1

1 (JM0). As a consequence of
the theory of strongly regular interval matrices [20],JM0

has to be strongly regular and one should chooseM1 =
mid (JM0). This relates in an interesting way the midpoint
inverse preconditioning usually used with Theorem 1 to the
shape of the parallelogram inner approximation that can be
built using Corollary 1.

Figure 1.

Finally, if JM0 is not strongly regular, then no inner ap-
proximation is possible. If an outer approximation has to
be computed, thenM1 = mid (JM0) may not be an ap-
propriate choice and outer approximation certainly needs a
better choice for the auxiliary basisM1. In this case, the
QR-factorization method, widely used in the context of or-
dinary differential equation solving, can be used for a better
choice ofM1 [24, 19].

3.4 A Linear Mapping Example

Consider the rotationf(x) = Rθx whereRθ is the angle
θ rotation matrix. We chooseθ = π/10. We use two Lip-
schitz interval matrices. The first is obtained by evaluating
the derivative off with interval arithmetic:

J :=
(

0.951056516295154
3 −0.309016994374947

8

0.309016994374948
7 0.951056516295154

3

)
,

(20)
The second, denoted byJ′, is obtained by adding
[−0.001, 0.001] to each entry ofJ. The choice of the char-
acteristic matrixM1 is done as proposed in the previous
subsection, i.e. M1 = mid (JM0). The initial paral-
lelepipedsA0 andB0 are equal to{Mx|x ∈ x} with

M :=
(

2 1
1 2

)
and x :=

(
[7, 9]

[−5,−3]

)
. (21)

The parallelepiped approximations for the first18 steps are
displayed on the left hand side graphic of Figure 1. Black
parallelepipeds are computed usingJ. Inner and outer ap-
proximations are too close to be distinguishable. Grey par-
allelepipeds are computed usingJ′. This time, due to the
poor quality of the LIM, inner and outer approximations
quickly separate.

AfterK := 107 iterations, i.e. after5×105 complete ro-
tations, the parallelepiped approximations computed using
J are plotted on the right hand side of Figure 1. They are
still not distinguishable, and on the scale of the figure the
distance between them is less than10−6.



4 Inner and Outer Approximations of the So-
lutions to Uncertain Initial Value Problems

The initial value problem (IVP) consists of computing
an approximation of the solution to some ordinary differen-
tial equation (ODE) for some initial value. The solution at
time t can can be expressed naturally as a function of the
initial value, function called the ODEsolution operator(cf.
subsection 4.1). So when one deals with a set of initial con-
ditions, one needs to approximate the image of a set by the
ODE solution operator. The results stated in the previous
section can then be used, leading in particular to rigorous
inner approximations. Up to our knowledge, the only work
that proposes to compute such inner approximations is [14].
However, inner approximation is just mentioned in [14] and
no detail can be found on the way such inner approxima-
tions can be computed.

4.1 General Framework

IVP with sets of initial values are defined as in [18].
First, given a functionf : Rn −→ Rn and a vector
y0 ∈ Rn, the IVP consists of computing a functiony that
satisfies

y′(t) = f
(
y(t)

)
, (22)

y(0) = y0 ∈ Rn. (23)

The functionf is supposedN times continuously differen-
tiable, withN ≥ 1. In practice, one wishes to compute an
approximation ofy(h) for a given time-steph > 0.

Remark2. Here, we do not consider explicitly the construc-
tion of a solution step-after-step but instead focus one single
step. The composition of several steps can be done applying
the method described at the end of Subsection 3.2.

Equation (22) is called thedefining equation, and (23)
the initial value. To simplify the presentation, we assume
existence and uniqueness of the solution to (22) for all
initial conditions. It is convenient to describe the solu-
tion of the initial value problems with respect to the ini-
tial condition using a functionφh : Rn −→ Rn such that
y(t + h) = φh(y(t)). This mapping is well defined inRn
because we assumed existence and uniqueness of the solu-
tion to (22). The functionφh is called thetime-h solution
operatorof the ODE (22). Thanks to the definition of the
ODE solution operator, the IVP problem can be cast into the
problem that consists of computing some approximation of
φh(y0).

We now consider a set of initial conditionsY0, called an
uncertain initial condition, and (23) is replaced by

y(0) ∈ Y0 ⊆ Rn. (24)

We aim to construct some approximation of

Yh := {y(h) | y satisfies (22) and (24)} (25)

= Range
(
φh,Y0

)
. (26)

We call this problem an uncertain initial value problem
(UIVP). In practice, we suppose thatY0 is approximated
by an inner and an outer parallelepiped, i.e.A0 ⊆ Y0 ⊆ B0

whereA0 := {Uu | u ∈ a0} and B0 := {Uu | u ∈ b0}.
Then, we aim to construct two parallelepipedsAh :=
{V v | v ∈ ah} andBh := {V v | v ∈ bh} such thatAh ⊆
Yh ⊆ Bh. Such approximations can be computed applying
Theorem 2 in order to construct inner and outer approxima-
tions ofRange

(
φh,Y0

)
. Therefore, all we need are:

(i) An outer approximationz of φh(y0).

(ii) A LIM of φh andY0.

In order to compute (i), one can use the usual interval meth-
ods for computing enclosing approximation of IVP. In or-
der to obtain (ii), an enclosure of the derivatives of the so-
lution operator can be computed. Its computation can be
expressed as an2 +n components IVP. Therefore, the same
interval methods can also be used to compute (ii). However,
n2 + n quickly becomes too big for a direct use of interval
IVP solvers (which uses the derivatives of the ODE to be
integrated, hence leading toO(n4) Taylor coefficients to be
evaluated in this case). The next subsection provide direct
methods to compute a LIM for the ODE solution operator.

4.2 Lipschitz Interval Matrices for the
ODE Solution Operator

This subsection presents some techniques to compute a
LIM for φh andY0. Throughout the subsection, we con-
sider two boxesy0 andy[0,h] that contains respectivelyY0

andY[0,t], i.e. y0 contains all initial conditions andy[0,h]

contains all trajectories fort ∈ [0, h] and for any initial con-
dition in y0. While y0 := M0b0 is the optimal choice, the
computation ofy[0,h] can be more problematic. For small
enough time-steph, y[0,h] can be computed using a rigorous
first order approximation: it is indeed sufficient thaty[0,h]

satisfiesy0+hf(y[0,h]) ⊆ y[0,h] so that the Picard-Lindelöf
operator proves existence and uniqueness of the solution in-
sidey[0,h] for any initial value iny0 (see e.g. Section 5 in
[18]). Higher order and more efficient methods can also be
used to computey[0,h].

4.2.1 Lipschitz Interval Matrices for Linear ODE

We first consider the case of linear ODE, i.e.f(y) = Ay
withA ∈ Rn×n. It is well known that in this caseφh(y0) =
ehAy0. Therefore a LIM forφh is easily obtained:



Theorem 3. Any interval matrixJ ∈ IRn×n that contains
ehA is a LIM for φh andRn.

Proof. Consider anyx, y ∈ Rn. The φh(y) − φh(x) =
ehAy− ehAx which is equal toehA(y−x). BecauseehA ∈
J by hypothesis, we have eventuallyφh(y)−φh(x) ∈ J(y−
x).

Remark3. An interval matrixJ that containsehA can be
constructed following [21] (that uses a truncated Taylor ex-
pansion with some specific Householder norms for an ac-
curate computation of the remainder) or [2] (that uses Padé
approximations).

Example 1. We consider the linear ODE defined by

y′(t) = Ay(t) with A =
(

0 1
−1 0

)
. (27)

Following the example presented in Subsection 3.4, we fix
h = π

10 . Using some rigorous interval approximation of
e

π
10A we obtain a LIM very close to (20). Using an initial

conditiony(0) ∈ {Mx|x ∈ x}with (21), the parallelepiped
approximations are also similar to the one plotted in the left
hand side of Figure 1.

4.2.2 Lipschitz Interval Matrices for Nonlinear ODE

In this section, some enclosures of the derivative of the so-
lution operator w.r.t. the initial condition are computed in-
stead of some LIM (the solution operator is actually dif-
ferentiable w.r.t. the initial condition, cf. Theorem 14.3 in
[7]). Let us recall that∂φt(x)

∂x

∣∣
y

and ∂f(x)∂x

∣∣
y

are denoted by
φ′t(y) andf ′(y) respectively (no confusion will be possible
becauseφt(y) will not be differentiated w.r.t. time). The
following theorem can be found e.g. in [3]. It will provide
us with a first enclosure of the derivative of the solution op-
erator.

Theorem 4. If y(t) and z(t) each satisfy the differential
equationy′(t) = f(y(t)) on [t0, t1], andf is Lipschitz con-
tinuous with constantL, then∀t ∈ [t0, t1],

||y(t)− z(t)|| ≤ ||y(t0)− z(t0)||eL(t1−t0). (28)

Remark4. As bothy(t) ∈ y[0,h] andz(t) ∈ y[0,h] for any
t ∈ [0, h], a Lipschitz constant for the restriction off to
y[0,h] can be used in Theorem 4. As a consequence, one
can useL = ||f ′(y[0,h])||.

The next corollary of Theorem 4 provides a crude enclo-
sure of the derivative of the solution operator. It will not be
used in practice, but it will be the basis to construct other
more accurate enclosures.

Corollary 2. Suppose thatf is Lipschitz continuous with
constantL insidey[0,t] and define the interval matrixJ[0,t]

by (J[0,t])ij :=
[
−ehL, ehL

]
. Then,J[0,t] ⊇ {φ′t(y0) | y0 ∈

y0} for all t ∈ [0, h].

Sketch of the proof.Throughout the proofφt is simply de-
noted byφ. By definition φ′(y0) satisfiesφ(y0 + εδ) −
φ(y0) = εφ′(y0) · δ + γO(ε2), whereδ, γ ∈ Rn are of
norm 1 andR 3 ε > 0. Chooseδ = ej , whereej is the
jth base vector and note that(φ′(y0) · ej)i = φ′ij(y0). One
obtainsφi(y0 + εej) − φi(y0) = εφ′ij(y0) + O(ε2). As a
consequence,|φi(y0 +εej)−φi(y0)| = ε|φ′ij(y0)|+O(ε2),
which obviously contradicts (28) if|φ′ij(y0)| > etL. There-
fore,φ′ij(y0) has to satisfy|φ′ij(y0)| ≤ etL ≤ ehL.

In order to obtain a better enclosure of the derivatives
of φ, Taylor expansions ofφt andφ′t w.r.t. time are now
considered. To this end, the auxiliary functionsy[k](x) are
introduced: asf is N times continuously differentiable,
y(t) isN + 1 times continuously differentiable andy(k)(t),
for k ∈ [1..N + 1], can be computed as a function of
y(t). For example in dimension one,y′(t) = f

(
y(t)

)
,

y′′(t) = f ′
(
y(t)

)
f
(
y(t)

)
, y(3)(t) = f ′′(y(t))f(y(t))2 +

f ′(y(t))2f(y(t)), etc. In order to easily manipulate these
expressions, we definey[k](x) such that

y[k]
(
y(t)

)
= y(k)(t), (29)

with by conventiony[0]
(
y(t)

)
= y(t). So we have e.g.

y[1](x) = f(x) , y[2](x) = f ′(x) · f(x) , y[3](x) =
f ′′(x)f(x)2 + f ′(x)2f(x) , etc. Asf is supposedN times
continuously differentiable,y[k] is well defined and contin-
uously differentiable fork ∈ [1..N ]. The functionsy[k] can
be evaluated either formally computing their expressions or
using automatic differentiation (see e.g. [24, 18]). Then,
Taylor’s theorem can be written

φh(y0) =
N−1∑
k=0

hk

k!
y[k](y0) +

hN

N !
y[N ]

(
~yξ(y0)

)
, (30)

wherey[N ]
(
~yξ(y0)

)
is a non-standard notation to shortly

display that each component ofy[N ] is evaluated for a dif-
ferentyξ ∈ [0, h], eachyξ depending ony0.

Remark5. The functionsf [k](x) := 1
k!y

[k](x) instead of
y[k](x) are defined in [18]. Including1k! in the expressions
is important in implementations as it usually allows stabiliz-
ing the recursive evaluation of the expressions while slightly
reducing the computational cost of the evaluation.

The next theorem provides a way to improve the first
enclosure computed, thanks to Corollary 2.

Theorem 5. LetJ[0,h] be a enclosure of{φ′t(y0) | y0 ∈ y0}
for all t ∈ [0, h]. Then,

N−1∑
k=0

hk

k!
∂y[k](x)
∂x

∣∣∣∣
y0

+
hN

N !
∂y[N ](x)
∂x

∣∣∣∣
y[0,h]

· J[0,h] (31)

is an enclosure of{φ′h(x) | x ∈ y0}.



Proof. Differentiating (30) w.r.t.y0 and using the chain rule
give rise to the following expression forφ′h(y0):

N−1∑
k=0

hk

k!
∂y[k](x)
∂x

∣∣∣∣
y0

+
hN

N !
∂y[N ](x)
∂x

∣∣∣∣
~yξ(y0)

· ∂~yξ(x)
∂x

∣∣∣∣
y0

(32)
It remains to note thatyξ(y0) = φξ(y0) and hence
∂~yξ

∂x (y0) ∈ J[0,h] while ~yξ(y0) ∈ y[0,h] and y0 ∈ y0 to
conclude the proof.

Remark6. As for evaluatingy[k], evaluating∂y
[k](x)
∂x can be

done computing its formal expression or using automatic
differentiation (see e.g. [24, 18]).

Remark7. The interval matrixJ[0,h] needed in Theorem 5
is computed using Corollary 2. It is useful to improve this
first crude enclosure by

J[0,h] ←
(∑N−1

k=0
[0,h]k

k! ·
∂y[k]

∂x (y0)

+ [0,h]N

N ! ·
∂y[N]

∂x (y[0,h]) · J[0,h]

) ⋂
J[0,h],

(33)

which obviously maintainsJ[0,t] ⊇ {φ′t(y0) | y0 ∈ y0} for
all t ∈ [0, h] thank to Theorem 5. This can be repeated a
couple of times to improve the enclosure.

In the special case of first order (31) is

I + hf ′(y[0,h]) · J[0,h]. (34)

For small enough values ofh, this simple expression to-
gether with the improvement process of Remark 7 can al-
ready provide useful enclosures of{φ′h(x) | x ∈ y0}. Let
us first illustrate Theorem 5 with the special case of linear
ODE.

Example 2. Let f(y) = A · y. In this case, we havey(t) =
etA ·y0 andy′(t) = A·y(t) andy′′(t) = A2 ·y(t) and so on.
Finally, one proves thaty(k)(t) = Ak · y(t) and therefore
y[k](x) = Ak · x. As a consequence,

∂y[k]

∂x
(x) = Ak. (35)

Formula (31) therefore gives rise to

I +
N−1∑
k=1

hk

k!
Ak +

hN

N !
AN · J[0,h], (36)

where Corollary 2 allows(J)ij = [−eh||A||, eh||A||]. This
can be interpreted as a rigorous truncation of the seriesehA.

Example 3. The Lorenz system is defined byx′(t)y′(t)
z′(t)

 =

 σ
(
y(t)− x(t)

)
x(t)

(
ρ− z(t)

)
− y(t)

x(t)y(t)− βz(t)

 (37)

We use the usual valuesσ = 10, ρ = 28 andβ = 8/3,
for which the system exhibits a chaotic behavior [15]. The
uncertain initial condition is chosen to bey0 =

(
10 ±

10−10, 10 ± 10−10, 10 ± 10−10
)
. Then applying Theorem

5 with 20th order expansions and a timestep ofh = 0.02
gives rise to one-timestep distance between the inner and
outer approximations of less than1.5× 10−4.

4.2.3 Related Work

Only a very few references deal with the problem of a rig-
orous computation of a LIM for an ODE solution operator.
The parallelepiped method proposed by Kruckeberg in [14]
implicitly uses

∞∑
k=0

hkJkf
k!

, (38)

whereJf ⊇ {f ′(x) | x ∈ y0}, as a LIM for φh. How-
ever the proof of this property is not detailed in [14] (see
formula 29 page 952). And more important, no rigor-
ous truncation of (38) is available. The rigorous trunca-
tion proposed in [21] cannot be applied to (38) because
{exp(hJf ) | Jf ∈ Jf} is not equal to (38), while no sim-
plification (e.g. Horner scheme) can be applied to (38) un-
til one has proved the simplified formula is also a LIM for
φh (i.e. it is likely to happen that the overestimation of
{exp(hJf ) | Jf ∈ Jf} in the expression (38) is necessary
to obtain a LIM).

Stauning [24] proposes (formula 6.17 and 6.18 page 69)
the following LIM:

I +
N−1∑
k=1

1
k!
∂y[k]

∂y
(y0)hk +

1
N !

∂y[N ]

∂y
(y[0,h])hN (39)

However, Stauning’s result is false: (39) is not a LIM forφh
andy0 in general (in the case of a linear system, (39) just
truncates the seriesetA without providing any remainder).
The correct formula is the one provided in Theorem 5.

Makino [16] notes that Taylor models cannot help com-
puting a LIM for φh and just mentions a potential method
for the computation ofJ (cf. page 92 of [16]).

Finally, the authors have recently discovered the work of
Zgliczynski [26] where the derivative of the solution oper-
ator is rigorously enclosed. Though both works are simi-
lar, our presentation seems simpler while providing some
similar enclosures. The exact relationship between the two
methods remains to be investigated.

5 Conclusion

While the outer approximation of the range of a func-
tion is a basic application of interval analysis, the inner ap-

2A scanned version of [14] is available at http://www.goldsztejn.com/
downloads.htm



proximation of the range remains today a problem not well
solved. A new procedure for the computation of such an
inner approximation has been proposed, based on a corol-
lary of the Poincaŕe-Miranda theorem: for roughly no ad-
ditional cost, one is now able to compute an inner approxi-
mation together with the outer approximation given by the
mean-value extension. The inner approximation will not be
empty only in the situations where the mean-value exten-
sion provides a sharp enclosure. In particular, the interval
Lipschitz matrix used has to be an H-matrix. A specific
preconditioning process has been proposed to help fulfilling
this necessary condition, leading to parallelepiped approx-
imations. Due to some potential applications in the theory
of shadowing dynamical systems, some properties that al-
low us to compute Lipschitz interval matrices in the context
of ordinary differential equations have been presented.

Experiments are currently underway to apply these de-
velopments to the rigorous shadowing of dynamical sys-
tems, and in particular the Lorenz system, using ideas sim-
ilar to those in [9].
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[23] H. Poincaŕe. Sur certaines solutions particulières du
probl̀eme des trois corps.Comptes rendus de l’Académie
des sciences, 97:251–252, 1883.

[24] O. Stauning.Automatic Validation of Numerical Solutions.
PhD thesis, Technical University of Denmark, 1997.

[25] N. V.M. Interval and Twin Arithmetic. Reliab. Comp.,
3(4):369–380, 1997.

[26] P. Zgliczynski. C1-Lohner Algorithm.Foundations of Com-
putational Mathematics, 2(4):429–465, 2002.


