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Abstract wheref is linear, the paramete(8; );c1,... »} are arranged

.....

into a matrixA := (4;;); je1,... ny While an interval ma-

When considering systems of equations, it happens oftertrix A := (A; ;); je{1,....n} IS Used to provide the interval
that parameters are known with some uncertainties. This domains, leading to the notation
leads to continua of solutions that are usually approximated
using the interval theory. A wider set of useful situations ~ Z(A,b):={z e R"[3A€ AT eb Az =b}. (2)
can be modeled if one allows furthermore different quan-
tifications of the parameters in their domains. In particu-
lar, quantified solution sets where universal quantifiers are
constrained to precede existential quantifiers are called AE-
solution sets.

A state of the art on the approximation of linear AE-
solution sets in the framework of generalized intervals (in-
tervals whose bounds are not constrained to be ordered in-
creasingly) is presented in a new and unifying way. Then
two new generalized interval operators dedicated to the ap-
proximation of quantified linear interval systems are pro-
posed and investigated.

An important part of interval analysis is dedicated to the
approximation of united solution sets, and in particular of
linear united solution sets. Methods like the interval Gauss-
Seidel and the Krawczyk operators, the interval Gauss elim-
ination (cf. [15] and references therein), the Hansen-Bliek
algorithm (cf. [16] and references therein), etc., are widely
used to build some outer approximations of linear united
solution sets.

A wider set of useful situations can be modeled by al-
lowing different quantifiers for parameters. A general quan-
tification of parameters is only little studied today in the
framework of numerical analysis Constraining universal
guantifiers to precede existential ones offers a compromise
) between the modeling power and the difficulty of the prob-
1 Introduction lems met in the study of the solution set. Such solution sets

are calledAE-solution sets(cf. [28, 3, 5] the approximation

One of the most fundamental application of interval anal- of linear and non-linear AE-solution sets and [9] for some
ysis is to allow one dealing with uncertain parameters (seeapplications). While interval analysis is well fitted to the
[12, 15, 8] for some introductions to interval analysis). approximation of united solution sets, it has been demon-
While a problem may have a discrete number of solutions strated that the formalism of generalized intervals (i.e. in-
given a value of its parameters, it is likely to have a mani- terval whose bounds are not constrained to be ordered) is
fold of solutions when parameters are constrained to belongthe right framework for the approximation of AE-solution
to some intervals. When the problem to be solved consistssets.
of finding the solutions of systems of equations, considering A state of the art of the methods dedicated to the approx-
interval domains for parameters gives rise to the definition imation of linear AE-solution sets using generalized inter-
of united solution sets vals is first proposed. This state of the art introduces a new

convention for the representation of quantifiers using gener-
¥(f,a,b):={zr €R"[Facadbecb fla,z) =>b}, (1)  alized intervals, allowing to homogenize the approximation
of united solution sets in the framework of classical interval

where vectorial notations are used to obtain a compact €x-analysis and the study of AE-solution sets in the framework
pression (i.e. f : R? - R® — R™). In the special case

1The quantifier elimination, with its well-known limitations, is a formal
*This work was mainly done during the author’s thesis at the University method which allows studying general quantifications (cf. [2]).

of Sophia Antipolis and his post-doctoral study at the University of Central 2This denomination coming from the succession of universal (All)

Arkansas. quantifiers preceded by existential (Exists) ones.




of generalized intervals. Then two new generalized inter- to use different symbols to differentiate these latter opera-
val operators dedicated to the outer approximation of lineartions with the union and intersection of classical intervals:
AE-solution sets are presented. e.q.[-1,1]N[2,3] = O while [-1,1] A [2,3] = [2,1].

The generalized interval arithmetic (also called Kaucher
arithmetic) extends the classical interval arithmetic. Its def-
inition can be found e.g. in [11, 28]. When only proper
intervals are involved, this arithmetic coincides with the

Generalized intervals are intervals whose bounds are nofinterval arithmetic: forx,y € IR one hasx oy =
constrained to be ordered, for examplel, 1] and[1, —1] {zoy eR |z € x,y € y}. When proper and improper in-
are generalized intervals. They have been introduced in [17 tervals are involved, some new operations are introduced.
10] (see also [11, 28]) so as to improve the algebraic and theFor example,[a,b] + [c,d] = [a + ¢,b + d] and, if
order structures of intervals. The set of generalized intervalsa, b, c,d > 0 then[a,b] - [c,d] = [a - ¢,b - d]. Also,
is denoted byKR and is divided into three subsets: —[a,b] = (=1) - [a,b] = [-b, —a].

The generalized interval arithmetic has better algebraic

e The set ofproper intervalswith bounds ordered in-  properties than the classical interval arithmetic: the addition

creasingly. These proper intervals are identified with j3 KR is a group. The opposite of an intervals —dual x,
classical intervals. The set of proper intervals is de- j g |

notedIR := {[a,b] | a < b}. Strictly proper intervals x + (—dual x) = x — dual x = [0, 0]. ()
satisfya < b.

2 Generalized intervals

The multiplication inKR restricted to generalized intervals

« The set ofimproper intervalswith bounds ordered de-  WhOSe proper projection does not contiis also a group.

creasingly. It is denoted bYR := {[a,b] | @ > b}. The inverse of such a generalized interxab 1/(dual x),
Strictly improper intervals satisfy > b. €.,
x - (1/dual x) = x/(dual x) = [1,1]. 4)
e The set ofdegenerated interval§la,b] | a = b} = Although addition and multiplication iiXR are associative,

IR N IR. Degenerated intervals are identified to reals. they are not distributive. The addition and multiplication in
KR are linked by the following distributivity law, called the

Therefore, from a set of reafs: € Rla < 2 < b}, onecan  conditional distributivity(see [29, 19, 28]). Whatever are
build the two generalized intervadls, b] and[b, a]. It will be x,y,z € KR,

convenient to switch from one to the other keeping the un-
derlying set of reals unchanged. To this purpose, the follow- X'y +(impx)-z C x-(y+z) C x-y+(prox)-z. (5)
ing three operations are introduced: thealizationis de-
fined bydual [a, b] = [b, a]; theproper projectionis defined
by pro [a,b] = [min{a, b}, max{a, b}]; the improper pro-
jectionis defined byimp [a, b] = [max{a, b}, min{a, b}]. ¢ Subdistributivity if x € IR thenx - (y +2z) Cx-y +
The generalized intervals are partially ordered by an in- Xz
clusion which extends the inclusion of classical intervals.
Given two generalized intervals = [x, X] andy = [y, ¥],
the inclusion is definedby Cy «—= y<x A X<75.
For example[—1, 1] C [-1.1, 1.1] (this matches the set in- e Distributivity: if x € Rthenx - (y+z) =2y +z-z.
clusion),[1.1,—1.1] C [1,—1] (the inclusion between the
underlying sets of real is reversed for improper intervals)
and[2,0.9] C [-1,1]. The latter case is known to provide
the following interpretation: givex,y € IR, x Ny = 0
is equivalent todual x C y (which is also equivalent to xCxX'ANyCy = (xo0y)C (¥ oy'). (6)
dualy C x). As degenerated intervals are identified to re-
als, if x is proper themr € x <= 2 C x. On the other More specifically the following equivalence holds:
hand, ifx is not proper then for alk € R the inclusion
x C x is false (hence a characterization of a getf the
formz € F = x C xmeansthall C xinthe case where Finally, generalized interval vectoss € KR"™ and gener-
x is proper, whileE = () in the case where is not proper).  alized interval matricesA € KR™*" together with their
From this inclusion are defined generalized interval meet additions and multiplications are defined similarly to their
and join operationfa, b] A [c, d] := [max{a, ¢}, min{b, d}] real and classical interval counterparts. The operatioos
andV := [min{a, c}, max{b, d}]. Note that it is important = anddual are applied componentwise to these objects.

The three following particular cases will be of practical in-
terest in this paper:

e Superdistributivity if x € IR thenx - (y +2) 2 x -
y t+x-2z.

Another useful property of the Kaucher arithmetic is its
monotonicity with respect to the inclusion: whatever are
o€ {+,,—,+}andx,y,x',y’ € KR,

xCx <= x+yCx' +y. 7



3 Linear AE-solution sets These two different definitions of linear AE-solution sets
are obviously related by

AE-solution sets generalize united solution sets allowing 3 v
different quantification of the parameters in their interval A = A'tdualA (14)
domains, with the constraint that universal quantifiers pre- b = b’ +dualb”. (15)

cede existential quantifiers. For example, givere IR™*" , .
andb € TR", the following solution set is an AE-solution The convention chosen here to relate quantifiers and
set: proper/improper qualities is different to the one used in [28].

The new convention has the great advantage of unifying the
{x € R?|VA1; € Ay1,VAg € Agy, VA € Ao, ®) framework of AE-solution sets with the classical framework
Vb1 € b1,3A12 € A1o,3bs € by, Az = b}. of united solution sets. The notatidl( A, b) can now be
N ) . generalized to AE-solution setsZ(A,b) is now defined
As quantifiers of the same kind commute, an AE-solution o A ¢ KR™*" andb € KR” and corresponds to the AE-
set is completely defined by one interval and one quantifier o |ytion set obtained using the conventions stated above. In
for each parameted,; andb,. A useful representation of particular, ifA € IR™*"™ andb € IR" then
linear AE-solution sets is given in [28]A“ and A* are

defined fora € {V,3} as Y(A,b)={z € R™|3A € A,3b € b, Ax = b},

(A%);; = { A if Qi =« ©) so the united solution set is defined as a particular AE-

7 0 otherwise solution set in a homogeneous way. Af € IR"*" and
b € TR™ then
and -
bk i k=« m
(o3 _ — =
(b%)y = { 0 otherwise (10) Y(A,b) ={z e R"|VA € proA,3b € b, Az = b}

whereQ;;, Qi € {3,V} are the quantifiers of the different and itis called a tolerable solution set.Af € IR"*" and
parameters. Thanks to these definitions, the general expresP € IR then

j&g;. of a linear AE-solution can be given in the following (A, dual b) = {z € R™[vb € b, 3A € A, Az — b}
and it is called a controllable solution set. As another exam-

R*|VAY € AV, Wb¥ € b", 347 € A7 X . )
{z €RTVAT € A7, W67 €17, €A% (11) ple, the AE-solution set (8) can be writtB{A’, b’) with

37 € b3, (A7 + ATz = (b7 + b7}

~ . . ’ dual A11 A12 ’_ dual b1
For example, the AE-solution set (8) can be defined by A = (dual A, dual AQQ) andb’ = < by ) .

A7 = (O A12> andAY = (A” 0 ) (12) Remark. With these definitions, the new convention for the
0 0 Ay As ! ) . .
relationship between quantifiers and proper/improper qual-

T T ities and the convention proposed in [28] are related by
and b”= (0 by) andb”= (b, 0)". (13) Y(A,b) = Z(dual A, b). This change of notation allows
Applied with (12) and (13) the definition (11) is obviously an homogenization between the classical interval analysis
equivalent to (8). Finally, a second useful representationand the framework of generalized interval dedicated to the
of AE-solution sets is introduced using generalized inter- approximation of AE-solution sets. As shown in [4], this
vals. To each parameter has to be associated both an intelhomogenization is effective also in the context of non-linear
val and a quantifier. Generalized intervals provides a very united and AE-solution sets, where a generalized interval
good representation of this couple of data. One associatefNewton operator dedicated to the approximation of non-
a generalized interval to each parameter with the following linear AE-solution sets has been proposed.

interpretation: Not only do generalized intervals provide us with a

« The proper projection of the generalized interval is the V'Y convenient modeling language for AE-solution sets,
interval domain of this parameter. but they are also a powerful analytical framework for their
study. In particular, the following characterization theorem
e The quantifier associated to the parameter depends omliscovered and proved by Shary is of central importance. Its
the proper/improper quality of the generalized interval: statement differs from the one proposed in [28] only by the
A;; € IR < @Q;; = 3 and hencenf A;; > new convention chosen for the relation between the quanti-
supA;; <= Q;; =V.Also,b, € IR <= Q) = fiers and the proper/improper qualities of generalized inter-
Jand hencénf b, > supb, <= Qr =V. vals. Also, the proof proposed here is reproduced from the



one given in [28] using the new convention. This proof pro- 4 Approximation of linear AE-solution sets
vides a interesting insight of the relationship between the

group structure of the generalized interval addition and its As in the classical interval theory for the approximation

interpretation in the context of AE-solution sets. of linear united solution sets, the approximation of linear
Theorem 1. LetA € KR™™ andb € KR". Then AE-solunon sets_ can be done both_thro_ugh the chara_ctenza-

tion of the solutions of some auxiliary interval equation or

z € Y(A,b) < (dual A)z Cb. (16) using contracting interval operators. The following subsec-

tions give a survey of these methods. The use of the new
Proof. By definition of an AE-solution set; € ¥(A,b) is convention relating the quantifiers and the proper/improper

equivalent to quality of generalized intervals allows us to give an homog-
enized presentation with the classical interval framework.
v VY pY - LY 343 3 13 3
VAT € AT,V €b ’HAA\f AA’HHb fbl\? ’ 5 (17) Throughout this sectionA € KR™*"™ andb € KR"
(A7 + A%z = b7 + b, are considered. They correspond to a linear AE-solution set
whereA", AY, b” andb" are defined as in (9) and (10), so 2(A,b).
A = A7 + dual A¥Y andb = b7 + dual b”. Now, (A¥ + . ) )
A3z = (b7 + %) is equivalent tod 7z — b¥ = — A7z + b3, 4.1 Auxiliary interval equations
Furthermore, obviously botA"z —b"” = {AYz —b"|AY € _ _ _ _
A" b7 € b"} and—A3z + b2 = {-A3z + |47 € This section presents three generalized interval equa-

A?,57 € b7} hold because each parameter has only onetions whose solutions can be interpreted as some approx-

occurrence in the whole system. As a consequence, (17) idmation of linear AE-solution sets. The technique which
equivalent to consists in solving some auxiliary interval equation to build

approximation of AE-solution set is called tfigermal al-
Az —b" C —Az + b7 (18) gebraic approachto AE-solution set approximation (see

_ _ [24, 13, 23, 14, 26, 21, 22, 3]).
Now, addingdual (Az) + dual b¥ and using the group

property of the generalized interval addition, one proves

that (18) is equivalent to 4.1.1 Auxiliary interval equation dedicated to inner

approximation

v 3 3 \4
A’z + dual (A%z) C b + dual b". (19) While inner approximation is not studied in the classical in-
terval analysis of linear united solution sets, it arises nat-
urally in the generalized interval analysis of linear AE-

ing a consequence of the distributivity of the addition and Eo!:ijtlon sets. The f0.||0V\{{I'ng thfeorem FrOV'deASEa V\Ila%( 0
multiplication in KR, one obtain the equivalent inclusion utid_an nner approximation of Some finear AL-Solution

(dual A)z C b set. The proof is reproduced from the one given by Shary
- in [28] but using the new convention relating the quantifiers
The general characterization (16) is an elegant general-and the proper/improper quality of generalized intervals.

ization of the previously known characterizations in the spe- h > E luti IR of the | |
cial cases of united, tolerable and controllable solution sets:eqﬁgtri%r: - Bvery proper solution & ofthe interva

o If A € IR™™™ andb € IR" then(dual A)x C b is (dual A)x =b (20)
equivalent toAz N'b # () which is the well-known
characterization of united solution sets.

Finally, noticing thatA"z + dual (A%z) = AVz +
(dual AF)z = (AY + dual A7)z, the last equality be-

is an inner approximation af(A, b), i.e.x C X(A,b).

Proof. Let a proper interval vectax be a formal solution
of the equation (20) and € x. Then, in view of the mono-
tonicity of the Kaucher arithmetic, we havéual A)z C
(dual A)x = b, thatisz € ¥(A,b) by Theorem1. O

o If A c IR andb € IR" then(dual A)z C b is
equivalent to(pro A)z C b which is the well-known
characterization of tolerable solution sets.

e If A € IR"™" andb € IR" then(dual A)z C b is
equivalent to(pro b) C Az which is the well-known
characterization of controllable solution sets.

Remark. Using the convention relating the quantifiers and
the proper/improper quality of generalized intervals pre-
viously used in [28, 21, 3], the equation (20) is written

As a direct consequence of Theorem 1, we have A’ Ax = b in the latter papers. However, Kupriyanova gave
andb C b’ imply ¥(A,b) C X(A’,b’). In particular in [13] the same expression and the same interpretation for
Y(A,b) C X(pro A,prob) which states that universal the equation (20) but in the restricted case of united solution
guantifiers are more restrictive than existential ones. sets.



4.1.2 Auxiliary interval equations dedicated to outer softwares. Finally, the group structures of the generalized
approximation interval arithmetic allow in some situation to solve equa-

. . . tions and systems of equations. This has been studied e.g.
Two generalized interval equations have been proposed forin [19] y g 9

the outer approximation of linear AE-solution sets. The fol-
lowing theorem is proposed by Shary in [26] (see also [28]). 4.2 Generalized interval operators

Theorem 3. Suppose thap(|I — pro A|) < 1. Then,

the following interval equation has an unique solutiore Only one generalized interval operator is available for
KR™: the outer approximation of linear AE-solution sets: Shary
x=(T—-A)x+b. (21) has proposed a generalized interval Gauss-Seidel operator

in [27] (see also [28]). It has the same interpretation as
its classical interval counterpart, but extended to linear AE-
solution sets. Using the newly introduced convention relat-
ing the guantifiers and the proper/improper quality of gen-
Equation (21) is writtenx = (I — dual A)x + b in eralized intervals, Shary’s generalized interval Gauss-Seidel
[28, 21, 3]. Thanks for the newly introduced convention OPerator now has the same expression as its classical coun-
relating the quantifiers and the proper/improper quality of terpart.
generglizeq intervals, one can now see the'similitude thhiSTheorem 4. Provided that0 ¢ proA,; for all i €
equation with the Krawczyk operator dedicated to linear 1y ;1 the generalized interval Gauss-Seidel operator
_umtegi solut|0_n sets: in the case Whex_eandb are proper, (A b, x) is defined by
iterating the fixed point form of Equation (21) corresponds

to the Krawczyk operator where the intersection with the I'(A.b.x) — L(b- _ A v — A ) 23
last approximation would not be performed. (A, b, x); A\ Z Y Z % ), (23)

Furthermore, if the solutiorx is proper then it contains
3(A,b); if the solutionx is not proper themZ(A,b) is
empty.

j<i Jj>i

4.1.3 Solving generalized interval equations If I'(A, b,x) is proper thenZ(A,b) N x C I'(A,b,x).
OtherwiseX(A,b) Nx = ().

Several ways can be used to solve the auxiliary interval ) ) )

equations presented in the previous section. The most simRémark. Using the other convention relating the quan-

ple, though very efficient, is to write them in a fixed point tifiers and the proper/improper quality of generalized

form and to iterate this fixed point form. If this iteration intervals, the generalized interval Gauss-Seidel opera-

converges then its limit is a solution of the fixed point form, 1O is written (1/dual Az;)(b; — 32, _;(dual Ay)y; —

and hence of the original equation. A widely used fixed >_;;(dual A;;)x;) in [28].

point form of (20) is Theorem 4 is the typical situation where the newly in-
1 troduced convention show its usefulness: the classical and
/\ X; = Tl AL (bi - Z dual (Aijxj)). generalized interval Gauss-Seidel operators now share both
i€{l,...n} v jej[;in] their expression and their interpretation. Note however that

22) the classical interval Gauss-Seidel operator can be applied
in situations wher@ € A;; thanks to the use of an extended

division while the generalized interval Gauss-Seidel opera-

tor proposed by Shary needst A;; foralli € {1,...,n}.

This gap will be filled in Section 6.

and is defined provided tha ¢ pro A;; for all ¢ €
{1,...,n}. Itis proved in [3] that this fixed point iter-
ation converges to the unique solution of (20)pifo A
is an H-matrix (see also [14]). Equation (21) is already
in fixed point form. The fixed point iteration is proved
to converge to the unique solution of (21) provided that
p(|I —pro A]) < 1 (see [26, 28)).

Other resolution processes have been proposed: Shar¥_ = _
has proposed in [23, 25] to immerse the interval equation UON Set where the approximation methods both keep their
to be solved inR2" where a system ofn real equations interpretation and have a better behavior. Two kinds of

is obtained making explicit the expression of the general- preconditioning have been proposed for linear AE-solution

ized interval arithmetic. The resulting real system is not dif- S€tS- First, Shary has proved that

ferentiable and a dedicatec_i solving process have be_en pro- $(A,b) C £(CA,Cb), (24)
posed by Shary. Also, Sainz et al. have proposed in [21]

to change the auxiliary interval equation to an optimization whereC € R™*" is regular, hence generalizing the precon-
problem which can be handled using existing optimization ditioning process used in the context of united solution sets.

4.3 Preconditioning

Preconditioning consists in studying an auxiliary solu-



Indeed by (24), an outer approximation B3{C A, Cb) is the interval inclusion isotonicity provesC (I — A)x+b
also an outer approximation &f( A, b). While such apre- and hencer C K(A,b,x) becauser C x. As a con-
conditioning process improves the stability of the Gauss- sequence, ifK(A, b, x) is proper thent € K(A,b, x).
Seidel operator, it is even more important when using The-On the other hand iK(A,b,x) is not proper then na
orem 3 where the condition(|/ — pro A|) < 1 is actually can satisfyr C K(A,b,x) and therefor&&(A,b) N x is
very restrictive. Using the midpoint inverse precondition- empty. O
ing, i.e. C = (mid A)~!, Theorem 3 can be applied with
any interval matrix that satisfigsro A is strongly regular
(see [28] for more details).

Another preconditioning process dedicated to inner ap-
proximation has been proposed by the first author in [3].
There, the following inclusion is provéd

The generalized interval Krawczyk operator present sev-
eral advantages on its generalized interval equation coun-
terpart (21): first it can be applied with no restriction
on A. Second, an initial enclosure can be provided
in order to encloseZ(A,b) N x. If no initial enclo-
sure is available and ifA is strongly regular then one

{Z+Culu € S(imp AC,b—dual AZ)} C $(A,b), (25) can use/—1, 1] (pro A) " |pro b| which is a enclosure of
Y (pro A, pro b) (cf. [15]).
whereC' € R™ " is regular. As a consequence, uf
is an inner approximation of the auxiliary AE-solution 6 |mproved generalized interval Gauss-
Eg%]s('lmp AC,b — dual Az) then the following inclusion Seidel operator

{# + Culu € u} C 3(A,b). (26) The generalized interval Gauss-Seidel (IGS in this sec-
Therefore, computing an inner approximatwiof the aux- tion) operator presented in Section 4.2 cannot be applied if
iliary AE-solution set(imp AC,b — dual AZ) givesrise 0 € pro Ay for somei. The situation was similar with
to an inner approximation of the original AE-solution set the first version of classical IGS operator proposed in [20].
(A, b) under the form of a parallelepipdd: + Culu € Latter, an improved classical IGS have been proposed in [7]
u}. Inner approximation methods (in particular the fixed which allows dealing with zero-containing intervals. This
point iteration) often have a better behavior when applied to section presents an improved version of the generalized in-
Y (imp AC,b — dual A7) using e.9.C = (mid A)~L. terval Gauss-Seidel operator that can deal with any gener-
alized interval matrix, hence extending the ideas of [7] to
5 Generalized interval Krawczyk operator linear AE-solution sets.

. . 6.1 One dimensional case
Thank to the new conventions used in the present paper,

it is now clear that the auxiliary interval equation (21) is
similar to the Krawczyk operator for linear united solution
sets. It is therefore natural to introduce a generalized inter-
val Krawczyk operator.

Following the presentation given in [15] in the context of
united solution sets, the improved generalized IGS operator
is first defined in the case = 1. In this situation, the AE-
solution set(a, b) is defined by two generalized intervals

Theorem 5. The generalized interval Krawczyk operatoris &b € KR. Given furthermore a proper interval € IR,
defined by the improved generalized IGS operator is defined as

K(Abx) = (I~ Ax+b)Ax,  (27) P(a,b,x) := D(2(a, b) []x). (28)

) o The next proposition provides a computable expression of
where an non-proper interval vector is interpreted as the p(, p, x).

emptyset. IfK(A,b,x) is proper thenX(A,b) Nx C

K(A,b,x). OtherwiseX(A,b) N x = (. Proposition 1. In the following expressions, an improper
interval is interpreted as an emptyset.

Proof. Consider anyx € x N X(A,b). Then by The-

orem 1 the inclusion(dual A)z C b holds. The gen- 1. If0 ¢ proathenl'(a, b,x) = (b/a) A x.
eralized interval distributivity gives rise t@ual A)z = 2.1f 0 C a then defineE as the open interval
xz+(dual A—1TI)z. Thereforer+(dual A—1I)z C b holds. ]min{o_,b/a, b/a} , max{0,b/a, b/a}[*. Then,
Now, adding—dual ((dual A — I)z) = (I — A)z to each T(a,b,x) = O(x\E). - B

side of the inclusion gives rise toC (I —A)z+b. Finally

4This open interval is well defined because the first bound is always
3The inclusion (25) is actually an obvious consequence of Proposition lower or equal than the second. Note furthermore fhab[= @ while
4.1 and Proposition 4.2 of [3] 0 = 0.




Then, the generalized IGS expression can be written
I'(a,b,x) = 0O(1/a N x), where an impropet /a is in-

34 T terpreted as an empty set for the intersection withAn
other extension of the generalized interval division has been
- NPT proposed in [10] and further studied in [18]. The study of
the relationship between these two extensions remains to be
conducted.

6.2 The general case

Figure 1. A n dimensional generalized IGS can now be con-
structed: consideA ¢ KR"*", b ¢ KR" andx ¢ IR".
Then the generalized IGB(A, b, x) is defined in the fol-
3. IfacOthenl'(a,b,x) = lowing way: fori € {1,...,n}
[max{b/g, b/a} , min{b/a, b/g}] N x.
Proof. Cf. [4] pages 105-107. O I'(A,b,x)i := F(A“" b;— Z Aijyj— Z AijX; Xi)’
7<i 7>
Remark.As in [15], the expression df(a, b, x) is not de- (32)

tailed in the cases Whe@ =0ora=0. AlSO, one can WhereF(a, b,X) is defined in Subsection 6.1. The next the-
check that whe € a andb is proper, the expression pro- orem provides the interpretation of this improved general-
posed here coincides with the one proposed in [15] in theized IGS.

context of one dimensional linear united solution sets. Theorem 6. Let A € KR™™ b € KR™ ™ andx €
The next example illustrates Proposition 1. IR™ ™. Then
Example 1. Considera = [1, —1] andb = [—1, 3] and the $(A, b) mx CT(A,b,x) C x (33)

one dimensional AE-solution sBf(a, b) =

(v eR| (Vac|[-11)Ebe[-1,3)(az=b)}. (29) Proof. Cf. [4] pages 107-108. O

The usefulness of the improved generalized IGS opera-
tor is illustrated by the following example. As in [5], both
interval Gauss-Seidel operators are applied not only on the
diagonal entries of the matrix but on all entries, leading to
n x n applications of the one dimensional operator instead
of only n applications.

Determining this simple AE-solution set can be done
graphically. Fix a value ofa in [—1,1]. Then the
set{z € R| (3b € [-1,3]) (ax = b) } can be easily deter-
mined: it is the set of solutions of the equatian = b for
someb € [1, 3] (it is plotted on the left hand side graphic
of Figure 1 fora = 1). Therefore, in order to obtain the
set ofz € R that satisfie§3b € [~1,3]) (az = b) forany ~ Example 2. Consider
a € [—1,1], itremains to intersect all the strips obtained for

€ [-1,1]. Three of these strips and the resulting inter- A= (1 -1, 1]) and b = <[17 H) . (34)
section are plotted on the right hand side graph where we 2 [1,-1] [—1,1]
can see thak(a,b) = [—1,1]. It can be noted that the ; i ;
. ? . . The AE-solution seE(A, b) is displayed on Figure 2. Note
AE-solution set is bounded while€ pro a. Now, given an = (A,b) is display '9u

that this AE-solution set is bounded whileo A is not reg-

ular which is not possible in the context of united solution
sets. The initial box is set td—10, 10], [0, 20]). The inter-

val gauss Seidel-Seidel without the improvement proposed
in this paper leads to the contracted bgx1, 1], [0, 20]).

Link with a generalized interval division The improved Gauss-Seidel leads (fe-1,1], 0, 4]) and

hence provide an additional contraction.
Proposition 1 can be used to extend the generalized interval

division to cases where the numerator's proper projection
contains zero: in these cadega is defined by 7 Conclusion

initial x = [—o0, 00}, the generalized IGE(a, b, x) leads
to [max{b/a,b/a} , min{b/a, b/a}|, which is equal to
[—1,1]. This is indeed equal t&(a, b).

] = co, min{0, b/a, b/a}] ifoCa (30) AE-solution sets generalize the united-solution sets al-
U [Iiax{ovb/a’ b/ﬁ}’jw[ lowing different quantifications of parameters, while uni-
[max{b/a,b/a}, min{b/a,b/a}| if aC0. (31) versal quantifiers precede existential ones. They allow to



Figure 2.

model useful situations. It has become clear that general-
ized intervals are the right framework for the study of AE- [14]
solution sets. Thanks to the proposition of a new convention
for the association of a quantifier to a generalized interval,

the studies of united solution sets and AE-solution sets have

(8]
(9]

(10]

(11]
(12]

(13]

been homogenized. This has allowed to propose a general-[ls]

ized interval Krawczyk operator and an extension of Shary’s [16

generalized interval Gauss-Seidel to interval matrices with
zero-containing intervals on the diagonal.

The interval Gauss elimination and Hansen-Bliek algo- [17]
rithm have not been considered in this paper. They have
have been investigated by the authors in [6] and [1] respec-
tively. However, their generalization to AE-solution sets is
not as direct as the techniques presented in the present pa[-lg]

per,

and still some work remains to be conducted in this

direction.
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