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Abstract

We preseh and compare@wo methalsfor chedking if a box
is includedinsidethe solutionsetof an equaliy constraim
with existetial quarti cation of its parametersWe focus
ondistanceconstraits, whereeat existetially quarti ed
parameteihasonly oneocurrence.
The rst methal reliesona Speci ¢ Quarti er Elimination
(SQE)algorithmbasedngeometriconsiderationvhereas
the secondnethal reliesoncomputationsvith Generalized
Intervals Evaluation(GIE).
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Introduction

An Euclidean Distance Constrait ¢y (x) between two

points a;x 2 " canbe expressedsfolloving:
x 2 2
Car(¥) 0 (k@) =r ()]
k=1

If a andr areexistetially quarti ed parameterswe have
the following quarti ed distanceconstraim (QDC):

x
Cr(¥) (922 2)9r 21)( (xc @)?=r?) (2
k=1
Someexamplesf QDC andtheir solutionsetarepreseted
in Figurel. A brand and prunealgorithmcanbe usedfor
computingthe solutionset of ¢, (x), but this algorithm
will bisectagainand againthe boxesincludedinsidethe
solutionset,leadingto ine cient computation.

Figure 1: Two quanti ed distance constraints and
their solutions. In (a), the distane r = [4,5] In
(b) thecentera= ([ L, 1}[ 1;1]).

Problem Statemen t

Let , bethe setof x that satis es(2). Given a box
x 2 " weareinterestedn a conditionfor:
(Bx2x)(x2 ) ®

A box that satis es(3) is calledaninner box (Figure2).

Inner Boxes

Solution set of
the constraint

Figure 2: Some examplesof inner boxes (boxes
included inside the solution set of cqy(x)).
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Speci ¢ Quarti er Elimination (SQE)

A quarti er eliminationalgorithmtransformsa quanti ed
formula F into an equivalent quarti er-free formula F°
Our SQEalgorithm([2]) decompseghe constrait Ca; (X)
into two auxiliary constraits ¢, (x) andcd (x) (Figure3).

(a) (b)

Figure 3: A decomposition of the constraint ¢, (x)
into 3, (x) (left side) and : c39(x) (right side).

c3.(x) is descrited asthe union of six non-quati ed con-
strairts (Figure4), while c39(x) is descriled asthe inter-
sectiorof four constrais. Classidnterval arithmetics([4])

is usedfor probingthat x Q00 andxX\ ey = 5.

Figure 4: A description of cgv,(x) with (a) four
constraints of the form f (x) 1 and (b) two inclu-
sion constraints of the form x  box.

PreliminaryResults

Wenoticethat if existetially quani ed parametersrenot

sharedbetweendi erent constrais, we have the folloving

implication:
" \
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Kk2[L:m] k2[1:m]

(5)

We canuse(5), for solvinga systenof distanceconstrairts:

x2+y? = [22:25F
(x [335]P+ y? = [295305f
(x [ 25 225]p+(y 28 = [32535F
whereintervals denoteexistetially quarti ed parameters.
Table 1 shavs a comparisorof a brant and prunealgo-
rithm usingdi erent inner box tests. The test basedon
SQEand GIE obtainedthe samesolutions(Figure5).

No Test SQE Test GIE Test
Boxes | 451655 5481 5481
Inner { 2550 2550
Volume 0.21236  0.21236 0.21236
IV olume { 0.21103  0.21103
Time (s) 36,08 0.53 0.43

Table 1: A comparison of a branch and prune
algorithm using di er ent inner box tests.

Figure 5: Graphic resultsof a problemformed by
three quanti ed distance constraints.

Generalizednterval Evaluation(GIE)

A generalizeéhterval x 2 is aninterval whosebounds
arenot constrainedo be ordered.An interval x = [a; ] is
calledproper if a bandimproper ifa b

Kaudher arithmetics ([3]) and the (g,x)-interpretability
([1]) allovsoneto computegeneralizedhterval evaluation
with specialinterpretation. For example:

[25]+[ L1]=[16]!
[25]+ [z 2]= [43]!

(classidnterpretation)
(specialinterpretation)

Hereare the interpretationsof the above three examples
(basedon the type of their intervals: proper/impr oper).

(8x2[25) By 2 [ L1]) (922 [L6]) (x+y=2)
(8x2[25]) (822 [34]) (9y2[ 22)(x+y=2)

Consideringeat existetially quartied parameterasan
improper interval and eat variableas a proper one, we
have the followinginnerbox text:

a’ 12 [00] ) x o @
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Conclusion

Although both methais arevery di erent, they raisevery
similarresultsabout both computationtimesand descrip-
tion of the solutionset, but the testbasedn GIE presets
two adwartages:it is much simplerto implemen and it
canbe trivially extendedo QDC in arbitrary dimensions
without lossof performance.

Both test must be consideredsa su cient conditionfor
(3). As forthcomingwork, a newinner test conbining the
two preseted tests will be studiedaiming to obtain an
optimaltestin all situations.
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