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Abstract

Wepresent andcomparetwo methodsfor checking if a box
is includedinsidethe solutionsetof an equality constraint
with existential quanti�cation of its parameters.We focus
on distanceconstraints, whereeach existentially quanti�ed
parameterhasonly oneocurrence.
The�rst method reliesona Speci�c Quanti�er Elimination
(SQE)algorithmbasedongeometricconsiderationwhereas
thesecondmethod reliesoncomputationswith Generalized
IntervalsEvaluation(GIE).

Introduction

An EuclideanDistanceConstraint ca;r(x) between two
points a;x 2 � n canbe expressedasfollowing:

ca;r(x) :
nX

k=1

(xk � ak)2 = r 2 (1)

If a andr areexistentially quanti�ed parameters,we have
the followingquanti�ed distanceconstraint (QDC):

ca;r (x) : (9a 2 a)(9r 2 r )(
nX

k=1

(xk � ak)2 = r 2) (2)

SomeexamplesofQDCandtheir solutionsetarepresented
in Figure1. A branch andprunealgorithmcanbeusedfor
computingthe solutionset of ca;r (x), but this algorithm
will bisectagainand againthe boxesincludedinsidethe
solutionset,leadingto ine�cient computation.
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Figure 1: Two quanti�ed distance constraints and
their solutions. In (a), the distance r = [4; 5]. In
(b) the center a = ([� 1; 1]; [� 1; 1]).

Problem Statemen t

Let � ca;r be the set of x that satis�es(2). Given a box
x 2 �

� n, we areinterestedin a conditionfor:

(8x 2 x)(x 2 � ca;r) (3)

A box that satis�es(3) is calledan inner box (Figure2).

Solution set of
the constraint

x1

x2

Inner Boxes

�1�2�3�4�5�6�7�8 1 2 3 4 5 6 7 8�1
�2
�3
�4
�5
�6
�7
�8

1
2
3
4
5
6
7
8

Figure 2: Some examplesof inner boxes (boxes
included inside the solution set of ca;r (x)).

Speci�c Quanti�er Elimination(SQE)

A quanti�er eliminationalgorithmtransformsa quanti�ed
formula F into an equivalent quanti�er-free formula F 0.
Our SQEalgorithm([2]) decomposesthe constraint ca;r (x)
into two auxiliaryconstraints c0

a;r (x) andc00
a;r (x) (Figure3).
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Figure 3: A decomposition of the constraint ca;r (x)
into c0

a;r (x) (left side) and : c00
a;r (x) (right side).

c0
a;r (x) is describedasthe unionof six non-quanti�ed con-

straints (Figure4), while c00
a;r (x) is described asthe inter-

sectionof fourconstraints. Classicinterval arithmetics([4])
is usedfor probingthat x � � c0

a;r (x) andx \ � c00
a;r (x) = ; .
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Figure 4: A description of c0
a;r (x) with (a) four

constraints of the form f (x) � r and (b) two inclu-
sion constraints of the form x � box.

GeneralizedInterval Evaluation(GIE)

A generalizedinterval x 2 �

� is an interval whosebounds
arenot constrainedto be ordered.An interval x = [a;b] is
calledproper if a � b andimproper if a � b.
Kaucher arithmetics ([3]) and the (g,x)-interpretability
([1]) allowsoneto computegeneralizedinterval evaluation
with specialinterpretation.For example:

[2; 5]+ [� 1; 1] = [1; 6] ! (classicinterpretation)
[2; 5]+ [2; � 2] = [4; 3] ! (specialinterpretation)

Hereare the interpretationsof the above three examples
(basedon the type of their intervals: proper/impr oper).

(8x 2 [2; 5]) (8y 2 [� 1; 1]) (9z 2 [1; 6]) (x + y = z)
(8x 2 [2; 5]) (8z 2 [3; 4]) (9y 2 [� 2; 2]) (x + y = z)

Consideringeach existentially quanti�ed parameteras an
improper interval and each variableas a proper one,we
have the following innerbox text:

nX

k=1

(xk � ak)2 � r 2 � [0; 0] =) x � � ca;r (4)

PreliminaryResults

Wenoticethat if existentially quanti�ed parametersarenot
sharedbetweendi�erent constraints, wehave the following
implication:

^

k2[1::m]

x � � c(k) =) x �
\

k2[1::m]

� c(k) (5)

Wecanuse(5), for solvinga systemofdistanceconstraints:

x2 + y2 = [2; 2:25]2

(x � [3; 3:5])2 + y2 = [2:95; 3:05]2

(x � [� 2:5; � 2:25])2 + (y � 2)2 = [3:25; 3:5]2

whereintervalsdenoteexistentially quanti�ed parameters.
Table1 shows a comparisonof a branch and prunealgo-
rithm usingdi�erent inner box tests. The test basedon
SQEandGIE obtainedthe samesolutions(Figure5).

No Test SQE Test GIE Test
Boxes 451655 5481 5481
Inner { 2550 2550
Volume 0.21236 0.21236 0.21236
IV olume { 0.21103 0.21103
Time (s) 36,08 0.53 0.43

Table 1: A comparison of a branch and prune
algorithm using di�er ent inner box tests.

Figure 5: Graphic resultsof a problemformed by
three quanti�ed distance constraints.

Conclusion

Althoughboth methods arevery di�erent, they raisevery
similar resultsabout both computationtimesanddescrip-
tion of the solutionset,but the testbasedonGIE presents
two advantages: it is much simplerto implement, and it
canbe trivially extendedto QDC in arbitrary dimensions
without lossof performance.
Both test must be consideredasa su�cient conditionfor
(3). As forthcomingwork, a newinner test combining the
two presented tests will be studiedaiming to obtain an
optimal test in all situations.
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