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Abstract. A right-preconditioning process for linear interval systems has been presented by Neumaier
in 1987. It alows the construction of an outer estimate of the united solution set of a square linear
interval system in the form of a parallelepiped. The denomination "right-preconditioning” is used to
describe the preconditioning processes which involve the matrix product AC in contrast to the (usual)
|eft-preconditioning processes which involve the matrix product CA, where A and C are respectively
theinterval matrix of the studied linear interval system and the preconditioning matrix.

The present paper presents a new right-preconditioning process similar to the one presented by
Neumaier in 1987 but in the more genera context of the inner and outer estimations of linear AE-
solution sets. Following the spirit of the formal-algebraic approach to AE-solution sets estimation,
summarized by Shary in 2002, the new right-preconditioning process is presented in the form of two
new auxiliary interval equations. Then, the resolution of these auxiliary interval equations leads to
inner and outer estimatesof AE-solution setsintheform of parallel epipeds. Thisright-preconditioning
process has two advantages: on one hand, the parallelepipeds estimates are often more precise than
theinterval vectors estimates computed by Shary. On the other hand, in many situations, it simplifies
the formal algebraic approach to inner estimation of AE-solution sets. Therefore, some AE-solution
sets which were amost impossible to inner estimate with interval vectors, become simple to inner
estimate using parallelepipeds. These benefits are supported by theoretical results and by some
experimentations on academic examples of linear interval systems.

1. Introduction

A well studied prablem in interval analysis is the computation of a superset of the
following united solution set:

2(A,b) ={xOR" | BAOA, bOb, Ax=b},

where A OIR™" isan interval matrix and b OIR" an interval vector. Many meth-
ods are available which build such a superset in the form of an interval vector—
Krawczyk, Gauss-Seidd, interval Gauss elimination, etc. (see [10]). Precondition-
ing a united solution set consists in considering an auxiliary united solution set on

* Most of this work was carried out when the author was supported by Thales Airborne Systems
and the ANRT (CIFRE number 2001119).
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which the method used to build an outer estimate has a better behavior. The mostly
used preconditioning is the left-preconditioning® which consists in studying the
following auxiliary united solution set:

2(A,b"),

where A' = CA and b’ = Cb with C O R™" anonsingular rea matrix. This |eft-
preconditioned system is adequate for outer estimation because of the following
inclusion:

S(A,b) O Z(A,b).

Thereforeaninterval vector x which containstheleft-preconditioned united solution
set also contains the original one:

S(A,b)0x — Z(A,b) O x.

A wildly used preconditioning matrix is the midpoint inverse of A, i.e. C =
(midA)~L. In the cases where the interval coefficients of A have small enough
radius, the left preconditioned interval matrix A' = (midA)~A is close to the
identity matrix, and the methods for constructing interval vector outer estimates
have a good behavior on the left-preconditioned system—see [10] for a detailed
presentation of left-preconditioned of united solution sets.

Right-preconditioning is an aternative to left-preconditioning which was pro-
posed in [12] in the context of outer estimation of united solution sets. It consists
in considering an auxiliary united solution set where the product AC, instead of
CA, isinvolved. It is proved in [12] that considering a right-preconditioned united
solution set gives rise to a superset in the form of a parallelepiped, aso caled a
skew box. Itisalso proved in [12] that estimation with parallel epipeds can be much
more accurate than with interval vectors.

1.1. AE-SOLUTION SETS

The united solution set of an interval system has been generalized to AE-solution
setsin [16], alowing the distinction between universally quantified parameters and
existentially quantified parameters. Given an interval matrix A O IR™" and an
interval vector b OIR", an AE-solution set is denoted by =,5(A, b), where a and
stand for a description of the quantification associated to the parameters a;; and by.
The following specific cases of AE-solution sets are usually met:

+ united solution set: =(A,b) = {x OR" | BAOA, Ch Ob, Ax=b};
+ tolerable solution set: =(A,b) = {x OR" | DAOA, b Ob, Ax=Db};
- controllable solution set: =(A,b) = {x OR" | Ob Ob, CAOA, Ax=b}.

* The “left-preconditioning” is usually simply called “preconditioning.” However, this precision
will alow to distinguish the left-preconditioning and the right-preconditioning.
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The genera definition of AE-solution sets, which allows arbitrary quantification
of the parameters, is given in Section 2. If the inner estimation of united solution
sets is usualy not considered in the classical interval theory, both inner and outer
estimations of AE-solution sets are considered in a unified framework.

The estimation of AE-solution sets shall benefit of a preconditioning process.
Both interval parameters and quantifications can be changed to obtain a precondi-
tioned AE-solution set: preconditioning the AE-solution set =, 3(A, b) can lead to
the auxiliary AE-solution set =, (A", b"). It was noticed in [16] that the “naively
left-preconditioned” AE-solution set defined by

a=a, B =B A=CA b=Cb

is not compatible with the outer estimation of AE-solution sets because in gen-
eral the inclusion =q5(A,b) O =,3(CA,Cb) does not hold. An original left-
preconditioning process that is compatible with outer estimation of AE-solution
sets was proposed in [19]. Thanks to this preconditioning, the scope of outer-
estimation of AE-solution sets has been enlarged to any AE-solution set involving
strongly regular interval matrices, which are likely to be met within applications.

Up to now, no preconditioning process was available for inner estimation. Inner
estimation indeed needs a specific preconditioning process because the precondi-
tioned AE-solution set has to be included inside the original one, i.e.

Zap (K, D) O Zep(A ),

where =,5(A,b) and =, 5 (A, b") are respectively the origina and the precondi-
tioned AE-solution sets. As a conseguence,

X 0 Zgp(A,07) = X 0Z45(A,b).

That is, an inner estimate of the preconditioned AE-solution will also be an inner
estimate of the original AE-solution set. The argumentation presented in [16] also
provesthat the “ naively |eft-preconditioned” AE-solution set isnot compatible with
inner estimation, even if it was not emphasized.

1.2. CONTRIBUTION

The main contribution of the paper is a right-preconditioning process dedicated
to inner and outer estimation of AE-solution sets. Like in the context of united
solution sets, where the right-preconditioning process proposed in [12] leaded to
supersetsin theform of skew boxes, the proposed right-conditioning process allows
the construction of inner and outer estimates in the form of skew boxes. This is
illustrated by Figure 1 where are represented an AE-solution set =(A, b) together
with its inner and outer skew box estimates sand s'.

The advantages of thisright-preconditioned process are investigated theoretical -
ly and through its application to academic examples of linear interval systems.
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Figurel. An AE-solution set with itsinner and outer skew box estimates.

1.3. OUTLINE OF THE PAPER

Generalized intervals and their use in the context of the estimation of AE-solution
sets are presented in Section 2. In particular, the formal-algebraic approach is
presented in that section. An improved sufficient condition for the uniqueness
of the solution of the interval equation AX = b is presented in Section 3. The
right-preconditioning process for inner and outer estimation of AE-solution sets
is presented in Section 4. Some general statements about the quality of this right-
preconditioning process are presented in Section 5. Finally, some experimenta
tions conducted on academic examples of linear interval systems are presented in
Section 6.

2. TheFormal-Algebraic Approach to AE-Solution Sets Estimation

The formal-algebraic approach to the estimation of AE-solution sets was proposed
in the 90's—see papers by Shary [16]-{18], Markov [8], Sainz [14], [15] and
extensive references. This approach consists in providing both auxiliary interval
equations in the space of generalized intervals and the way their solutions are
linked to the studied AE-solution set. Then, some dedicated algorithms are used so
asto compute the solution of these auxiliary interval equations and hence, estimate
the studied AE-solution set.

2.1. GENERALIZED INTERVALS

Generdlized intervals are intervals whose bounds are not constrained to be ordered,
forexample[—1, 1] and[1, —1] aregeneraizedintervals. They have beenintroduced
in [5], [6] so as to improve both the algebraic structure and the order structure of
the classical intervals. Generalized intervals are written as closed intervals, even
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if no open generalized intervals are considered. The set of generalized intervals is
denoted by KR and is decomposed into three subsets:

» The set of proper intervals whose bounds are ordered increasingly. These prop-
e intervals are identified with classical intervals. The set of proper intervals
is denoted by the same symbol as the one used for classical intervals, i.e.
IR = {[a,b] | a < b}.

« The set of improper intervals whose bounds are ordered decreasingly. It is
denoted by TR = {[a,b] | a > b}.

» The set of degenerated intervals [a, a], where a O R, which are both proper
and improper. A degenerated interval will also be denoted by the corresponding
rea a.

Therefore, from a set of reals {x OR | a < x < b}, one can build the two
generalized intervals [a, b] and [b, a]. It will be useful to change one to the other
keeping the underlying set of reals unchanged using the following operations:

« the dua operation: dual[a, b] = [b, a];

« the proper projection: pro[a, b] = [min{a, b}, max{a, b}];

- theimproper projection: imp[a, b] = [max{a, b}, min{a, b}].
Theoperationsmid, rad, and | . | aredefined asinthe case of classical intervals:

- mid[a,b] = 222;

-« radfa,b] = 222,
* |[a,b]| = max{|al, [b[}.

It can be noticed that proper intervals have positive radius whereas improper
interval s have negative radius—degenerated intervals have anull radius. The gener-
aizedintervals are partially ordered by aninclusion which prolongates theinclusion
of classical intervals. Given two generalized intervals x = [x,X] and y = [y, V], the
inclusion is defined by B

xOy <= y<x 0Ox<y.
Thisinclusion is related to the dual operation in the following way:
X0y <= (duax) O (dualy).

The so-called Kaucher arithmetic extends the classical interval arithmetic. Its def-
inition can be found in [5], [6], and [16]. When it is not misunderstanding, the
Kaucher multiplication will be denoted by x y instead of x x y. The Kaucher
arithmetic has better algebraic properties than the classical interval arithmetic: The
Kaucher addition is agroup. The opposite of aninterval x is —dud X, i.e.

X + (—dua x) = x — dua x = [0, Q].
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The Kaucher multiplication restricted to generalized intervals whose proper projec-
tion does not contains 0 is also a group. The inverse of such ageneralized interval
xis1/(dua x),i.e.

X x (1/dual xX) =x/ (dud x) =[1,1].

The Kaucher addition and multiplication are linked by the following distributivity
relations. Whatever are x,y,z O KR,

« conditiona distributivity—see [20]:
Xxy+(impx)xz O xx(y+2z) O Xxxy+(prox) x z.
Its following three special cases are also useful:
« subdistributivity: if x OTR thenx x (y +2) OX xy +X x Z;
« superdistributivity: if x OIR thenx x (y+2) DX xy +X x Z;
« distributivity: if X ORthenx x (y+2z) =X xy+Xx z,
Some other distributive laws can be found in [13]. Another useful property of

the Kaucher arithmetic is its monotonicity with respect to the inclusion: whatever
aeo O{+,x,—,+}and x,y, X",y OKR,

XxOX' 0OyOy = (Xoy)O (X oy').

Finally, generalized interval vectors x 0 KR" and generalized interval matrices
A O KR™" are defined like in the classical interval theory. The operations mid,
rad, | . |, dual, pro, and imp are performed on vectors and matrices elementwise.
It is easy to check that a diagonal interval matrix whose proper projections of the
diagonal entries do not contain O isinvertible, i.e. O /1 D;; for al i O[1..n] implies

= 1 1 . 1 1
D"D=DD =1 whereD —d'ag (dual Dy’ 777 dud Dnn).

2.2. AE-SOLUTION SETS

AE-solution sets generalize the united solution set of an interval system alowing
arbitrary quantifications of the parameters, with the constraint that the universal
quantifiers precede the existential ones inside the selecting predicate—this con-
straint being the source of the denomination A(II)E(xist). They areformally defined
in the following way:

DEFINITION 2.1 (Shary [16]). Consider an interval matrix A = (a;) OIR™", an
interval vector b = (by) OIR" and a quantification aj; O {0, O} for the parameters
aj and B¢ O {0, O} for the parameters by. Then, the AE-solution set =,3(A, b) is
the following subset of R™:
{xOR" | (Oa, Day,) ... (Oa, Oay,)(dbs Oby) ... (Obs Oby)
(Cay, Day) ... (Oay Day), (g, Obg,) ... (Cbg Obg)
(Ax =)},
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where

(i,)) O{w | kO[L.p]} ifandonlyif a;=0,
(i,)) O{w | kO[L.q)} ifandonlyif a;=0
kDO{&|kDO[1.g} ifandonlyif g=0,
kO{& | kO[1.1]} ifandonlyif Bc=0

The characteristic matrix A O KR™" and characteristic vector b 0 KR" of an
AE-solution set =,3(A, b) are defined in the following way:

aj =0 = a; UIR,

roA) = A and _
(P ) {O{ijZD = gj UIR

and

=0 bii OIR,
(prob)=b and 4 =2 = Di
k=0 = bij OTR.
Therefore, an AE-solution set is determined providing its characteristic matrix and
vector. As a consequence, the notation =(A, b) can be used instead of the notation
=p(proA, prob).

Notation (Shary [ 16]). The AE-solution set which corresponds to the characteristic
interval matrix A O KR"" and to the characteristic vector b 0 KR" is denoted by
=(A,Db).

The usual united, tolerable and controllable solution sets are then described in
the following way: given a proper interval matrix A O IR™" and a proper interval
vector b OIR",

« united solution set: (A, B) = =(A,b) = =(dua A, b);
« tolerable solution set: =54(A, b) = =(A, b);
- controllable solution set: = (A, b) = =(dud A, dua b).

One can notice that the conventions relating the proper/improper quality of
a generalized interval to the quantification of the corresponding parameter are
different for A and b. These two conventions were chosen in this way because
generalized intervals are not only a convenient model for the type of uncertainty but
also an important analysis tool for the estimation of AE-solution sets. In particular,
the conventions have been chosen so asto get the following central characterization
theorem.

THEOREM 2.1 (Shary [16]). Let A 0 KR " and b O KR". Then,

XxO=(A,b) < Ax0Ob.
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This characterization theorem is used to link the AE-solution sets to some
auxiliary interval equationsin KR".

2.3. AUXILIARY INTERVAL EQUATIONS RELATED TO AE-SOLUTION SETS

Three auxiliary interval equations in KR" are now presented together with their
relationship with the AE-solution sets. The auxiliary interval equation (2.1) is
dedicated to inner estimation of AE-solution sets. A simple proof of the following
theorem is given, which enlightens the importance of Theorem 2.1.

THEOREM 2.2 (Shary [16], Sainz [14]). Let A O KR™" and b 0 KR" be the
characteristics of an AE-solution set. Then any proper solution x 00 IR" of the
interval equation

Ax=b (2.1
isan inner estimate of =(A, b), i.e. x 0 =(A, b).

Proof (taken from [16]). Let a proper interval vector x be aforma solution of
the equation (2.1) and X O x. Then, in view of the monotonicity of the Kaucher
arithmetic, we have

AXOAX =D,
that is, x 0 =(A, b) by Theorem 2.1. O

Remark 2.1. The structure of modal intervals (1*(R), O, +, x) and the one of gen-
eralized intervals (KR, [, +, x) being isomorphic, a simplified presentation is done
by trandating the modal interval theorems into their equivalent formulation in the
structure of generalized intervals.

Remark 2.2. The equation (2.1) is proved to have a unique solution provided that
(pro A) isstrictly diagonally dominant [8], [14], [16].* See Section 3for animproved
uniqueness sufficient condition.

Thenext theorem presentstheauxiliary interval equation (2.2) whichisdedicated
to outer estimation of AE-solution sets.

THEOREM 2.3 (Shary [16]). Let A OKR™" and b O KR" be the characteristics
of an AE-solution set. Suppose that**

p(ll — duad A) < 1.

* The condition for the existence of a unique solution provided by Markov [8] is more restrictive.
However, the proof which is proposed in [8] can be modified so as to get the better condition stated
in[14].

** The spectra radius p(M) of area matrix M is the maximum module of its eigenvalues. It will
not have to be explicitly computed in the present paper.
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Then, the following interval equation has a unique solution x 0 KR":
X = (I — dua A)x +b. (2.2

Furthermore, if the solution x is proper then it contains =(A, b); if the solution x is
not proper then =(A, b) is empty.

Remark 2.3. The previous theorem corresponds to Theorem 7.3 in [16]. However,
its statement has been dlightly modified to this equivalent formulation so as to be
easier to apply.

Remark 2.4. Inthe special case of united solution set, i.e. A OIR™", amore genera
condition is provided in [9] for the interpretation of the solutions of the auxiliary
interval equation X = (I — dual A)x + b asan outer estimate.

Finaly the auxiliary interval equation (2.3) is a preconditioned version of the
second. The following inclusion has been proved in [16]: given A OKR™", b O
KR" and anonsingular real matrix C OR™",

=(A,b) 0 =(CA, Cb).

In contrast with the “naive left-preconditioning” presented in the introduction,
the preconditioning matrix C isnow applied directly to the characteristic matrix and
vector. Asthe preconditioned AE-solution set =(CA, Cb) contains the original one,
any outer estimate of preconditioned AE-solution set is also an outer estimate of
the original one. In the spirit of the formal-algebraic approach, this preconditioning
process is transfered into the auxiliary interval equation (2.2) so asto construct the
auxiliary interval equation (2.3). Applying Theorem 2.3 to the left-preconditioned
AE-solution set =(CA, Cb), the following theorem is raised:

THEOREM 2.4 (Shary [16]). Let A OKR™" and b O KR" be the characteristics
of an AE-solution set and C OR™" be a nonsingular real matrix. Suppose that

p(|l — duad(CA)|) < 1.

Then, the following interval equation has a unique solution x O KR":

X = (I — dual(CA))x + Cb. (2.3)
Furthermore, if the solution x is proper then it contains =(A, b); if the solution x is
not proper then =(A, b) is empty.

Remark 2.5. The previoustheorem corresponds to Theorem 7.3in[16]. Its statement
has been dightly modified, similarly to the statement of Theorem 2.3.

The introduction of strongly regular interval matrices allows to describe an
important class of AE-solution setswhich can be outer estimated using Theorem 2.4
together with the midpoint inverse preconditioning matrix, i.e. C = (midA) L. The
strongly regular interval matrices are defined in the following way:
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DEFINITION 2.2 (Neumaier [10]). Let A O IR"™" be an interval matrix. A is
strongly regular if (mid A) isaregular real matrix and theinterval matrix (mid A) ~*A
isaregular interval matrix, i.e. contains only regular real matrices.

Findly, it is proved in [16] that if (proA) is strongly regular, the condition
p(|l — (midA)~tA|) < 1 is satisfied, and Theorem 2.4 can be used with C =
(mid A) 1 in order to compute an outer estimate of =(A, b).

One More Auxiliary Interval Equation

Another auxiliary interval equation dedicated to outer estimation of AE-solution
setsis provided in [15]. However, it is not in the scope of this paper to investigate
the preconditioning of this last interval auxiliary equation. Given a characteristic
matrix A O KR™" and a characteristic vector b 0 KR", the following system of
interval equations is proposed:

/\ AjiX + Z Aij(dual Xj) = b;. (2.4)
ig[1..n] jo[L.n]
j#i

It is proved in [15] that, if this interval equation has a unique solution which is
proper, this solution is an outer estimate of =(A, b).

2.4. ALGORITHMS DEDICATED TO THE RESOLUTION OF THE AUXILIARY INTERVAL
EQUATIONS

Three different classes of algorithms have been proposed to solve the auxiliary
interval equations presented in the previous subsection.

2.4.1. Sationary Sngle Sep Iterations

First of all, the auxiliary interval equation to be solved is formally rewritten to an
equivalent fixed point form x = F(x) using the rules of the Kaucher arithmetic:

» Theauxiliary interval equation (2.1) is changed to itsfixed point formulation in
the following way: the i-th line of the auxiliary interval equation (2.1)

Z Ainj = bi

jo[L.n
is changed to
1
Xij = dual A bi — . Z dua|(Ainj)
jOo[1..n]
j7i

This transformation is possible provided that 0 [/ (pro Aj) for all i O[1..n]. As
the operations used to transform the system are group operations, the auxiliary
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interval equation (2.1) and its fixed point formulation are equivaent. This latter
can be written in the following matrix form:

x =D (b — dual (L + U)x)),

where D, L, and U are respectively the diagonal, lower, and upper parts of the
interval matrix A.

» Theauxiliary interval equations (2.2) and (2.3) are dready in afixed point form.

Remark 2.6. Putting the auxiliary interval equation (2.4) into a fixed point form,
one obtains the following equation:

1
' /\ Xj = m bi — - Z (dual Aij)Xj
i0[1..n] jo[1..n]

j7i
This transformation is possible provided that O /1 (proAj) for al i 0O [1..n]. It
can be noticed that this fixed point form of the auxiliary interval equation (2.4)
coincideswith thegeneralized interval Gauss-Seidel method proposedin [16] where
the intersection with the current outer estimate would not be computed, i.e. with
equation (7.12) of [16].

Once the auxiliary interval equations are in a fixed-point form x = F(x), the
stationary single-step method consists in iterating x**0 = F(x®), obtaining a
sequence of intervals (M), oy whose limit, if it exists, satisfies x = F(x) and hence
also satisfies the initial auxiliary interval equation.

The next theorem gives a sufficient condition for the convergence of the station-
ary single-step method applied to the auxiliary interval equation (2.1).

THEOREM 2.5 (Sainz [14], Markov [3]). Let A O KR™" and b O KR" be the
characteristics of an AE-solution set. Provided that (proA) is gtrictly diagonally
dominant, the sequence (X)), defined by

x(k+D = D*l(b — dual (L + U)x(k))),

where D, L, and U are respectively the diagonal, lower, and upper parts of the
interval matrix A, converges to the unique solution of the interval equation Ax = b
whatever istheinitial interval vector x©@ OKR".

The convergence sufficient condition provided by the previous theorem is very
restrictive: Matrices which are not strictly diagonally dominant are usually met in
applications.

The next theorem concerns the auxiliary interval equations (2.2) and (2.3)—
when it isapplied withM = (I — dual(CA)) and b = Cb.
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THEOREM 2.6 (Shary [16]). Let M O KR™" be such that p(|M|) < 1and d O
KR". Then the sequence (x®)y o, defined by

x®+D = Mx® +4d,

converges to the unique solution of the interval equation x = Mx + d whatever is
theiinitial interval vector x©@ OKR".

Remark 2.7. The formulation of the latter theorem is not explicitly stated in [16]
but corresponds to Theorem 7.2 of [16].

When using the midpoint inverse preconditioning matrix, the stationary single-
step method applied to the auxiliary interval equation (2.3) converges provided that
(proA) is strongly regular.

Finally, the convergence of the stationary single-step methods relies on con-
tracting map theorems. As a consequence, the distance between x® and the formal
solution x(®) is multiplied by the contracting factor at each iteration. The contract-
ing factor being less than one, the limit up to machine precision is reached in a
reasonable number of steps.

2.4.2. Immersion inthe Linear Space R?"

This way to solve the auxiliary interval equations was introduced in [17], [18]. It
consists in changing the auxiliary interval equation of KR" into an auxiliary real
equation of R?". The following bijection from KR" into R?", called the “ standard
immersion” in [17], [18], has been introduced to this end:

0 KR" — R?"; X — (= X1, .., —Xn, XL, -+, Xn)-
One important property of thismap is
0(X) = Ogen <= X = Ogpn,

where Oggn and Ogzn respectively stand for the zero of KR" and the zero of R?".
Thanks to this property, the map o alows to solve an equation F(x) = Oggn in KR"
by solving the auxiliary equation o(F(o (X)) = Ogan in R2", This transformation
is then applied to the auxiliary interval equations (2.1) and (2.2)* after having put
them in the form F(x) = Oggn.

A specific subdifferential Newton method has been proposed in [17], [18] which
computes the solution of the equation o(F(o (X)) = Ogan in R?", The convergence
of the subdifferential Newton method, when used to compute a solution of the
auxiliary interval equation (2.2), has been studied in [17]. However, the obtained
convergence sufficient condition is difficult to use in practice. Experimentations
illustrate that when the single-step method converges, the subdifferential Newton

* 1t should also be applied to the auxiliary interval equations (2.3) and (2.4) but this has not been
investigated.
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method also converges. The subdifferential Newton method has two advantages in
comparison with the stationary single-step methods:

 The subdifferential Newton method converges very quickly to the solution: in
most examples, the solution of the auxiliary interval equation—up to machine
precision—is reached in a number of iterations that does not exceed the dimen-
sion of the problem.

» The subdifferential Newton method converges in more cases than the stationary
single-step methods—see [17], [18], and Example 6.3 of the present paper.

All the same, this does not disqualify the stationary single-step method: on one
hand, the stationary single-step method is simpler to understand and to implement.
On the other hand, the convergence rate of the stationary single-step method is
reasonable, and even comparable to the one of the subdifferential Newton method
when the contracting factor of the involved fixed point equation is small.

Remark 2.8. The subdifferential Newton method is considered in the present paper
inits non-modified version. A specific preconditioning has been introduced in [17]
in the context of outer estimation of united solution sets using the auxiliary interval
equation (2.2). This preconditioning is somewhat similar to a left-preconditioning
and its introduction into the framework of AE-solution setsis not in the scope of
the present paper. Further informations about this specific preconditioning and the
convergence of the subdifferential Newton method can be found in [11].

2.4.3. Transformation of the Auxiliary Interval Equation into an Optimization
Problem

Two specific transformati ons have been proposed in [14] which change the auxiliary
interval equations (2.1) and (2.4) into an optimization problem whose minimizer
turns out to be the solution of the auxiliary interval equation. No precise study of the
convergence and no comparison with the previous techniques have been conducted.
It is not in the scope of the present paper to make such a comparison.

2.5. ON BEHAVIOR OF THE AUXILIARY INTERVAL EQUATION AX =b
In the context of inner estimation of AE-solution sets, three reasons can make the
resolution of the auxiliary interval equation Ax = b inefficient:

« the equation has a solution which is not proper, and which therefore cannot be
interpreted as an inner estimate of the united solution set;

« the equation has no solution;

« the equation has a manifold of solutions. In this case, the previoudy presented
algorithms should not be able to compute one of the solutions.

Remark 2.9. The transformation of the resolution of the interval equation into an
optimization problem may overcome the problem of the existence of amanifold of
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solutions by adding some additional constraints—maximization of the surface of
the estimate for example. However, up to the knowledge of the author, that has not
been investigated.

These three situations are met even on simple examples. The next example
illustrates the first situation.

23

EXAMPLE 2.1. Consider A = <O 1

solution set

>, b O IR? and the corresponding united

Z(A,b) = {x OR? | Oby Oby, Obp Oby, Ax = b}.

Aninner estimate of thisunited solution set may be obtained by solvingtheauxiliary
interval equation Ax = b. In this case, the matrix istriangular and 0 # A;;, hence the
solution can be easily computed in the following way:

X2 = by,
X, = 05(b; — 3dual x5) = 0.5(b; — 3dual by).

Therefore, x is proper if and only if radb; > 3rad b,. In this case the resolution of
the equation Ax = b leads to an inner estimate of the united solution set. However,
if radby < 3radb,, the solution is not proper and hence is of no use for inner
estimation. In this situation, the “squeezing of parameters’ was proposed in [16].
It consists in studying an auxiliary AE-solution set which is included inside the
original one by changing b to b’ O b. For example, if b = ([—2,2],[-10,10))T,
and hence the interval equation Ax = b has no proper solution, one can consider
b’ =([-2 2], [k k+1])T withk 0 [—10..9]. Therefore, radb; > 3rad b}, and each
equation Ax = b’ with k O [—10..9] has a proper solution x which is a subset of
the original united solution set. The united solution set can eventually be described
by the union of 20 interval vectors.

The next example illustrates the last two situations.

11

EXAMPLE 2.2. Consider A = ( 11

solution set

), b O IR? and the corresponding united

Z(A,b) = {x OR? | Oby Oby, Ohy Oby, Ax=b}.

Aninner estimate of thisunited solution set may be obtained by solvingthe auxiliary
interval equation Ax = b. However, al the previous presented techniques diverge
when applied so as to compute a solution of this interval equation. Following the
idea proposed in [18], one can immerse this interval equation into R* using the
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standard immersion o presented in the previous subsection, obtaining the following
linear equation of R%:

1100 u —b;
0110 v —by
0011 y |~ by |’
1001 z b,

where X1 = [u,V] and x> = [y, Z]. The matrix of this linear equation is singular—
check that L4 = L1 + L3 — L2. Therefore, two situations arise;

« The right hand side vector is compatible with this dependence, that is
radb; = radb,. In this case, there is amanifold of solutions to Ax = b. When
b; = by = [-1,1], these solutions can be described by the following
parametrization—personal communication of S. P. Shary:

1/ [t-1,1-1

“0‘§(p4—Lt+q>'
Within thismanifold of solutions, the oneswhich satisfy —1 <t < 1 are proper,
and hence are inner estimates of the united solution set.

» The right hand side vector is not compatible with the line dependence of the
matrix A, i.e. radby # radb,. In this case, the equation Ax = b has no solution.
Therefore, theright-hand sideinterval vector hasto be squeezed before obtaining
several manifolds of solutions.

In view of these two examples, the squeezing of parameters happens to be neces-
sary so asto compute an inner estimate from the resolution of the auxiliary interval
equation (2.1). However, this technique is difficult to use in more complicated situ-
ations. The preconditioned auxiliary interval equation dedicated to inner estimation
to be proposed in the sequel will have a better behavior in many cases, and hence
will simplify the construction of inner estimates.

3. AnImproved Uniqueness Sufficient Condition for the Solution of the
Auxiliary Interval Equation Ax = b

This section presents an improved uniqueness condition for the solution of the
interval equation Ax = b. Itisobtained through an improved convergence condition
for the stationary single-step method applied to the auxiliary interval equation
Ax = b. First of dl, basic definitions related to interval H-matrices are recalled:

DEFINITION 3.1 (Neumaier [10]). Let x OIR, A OIR™", and M OR™".
1. x| = max{|x|, |X|} is the magnitude of x;
2. (x) =min{|x|, |X|} if 0 /x and (x) = 0 otherwise, is the mignitude of x;

3. (A) OR™" isthe comparison matrix of A and is defined by (A);; = (Aj;) for
the diagonal entries and (A)j = —|Ajj| if i #];
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4. M isareal M-matrix if and only if its off-diagonal entries are non-positive and
there exists areal vector u > 0 such that Mu > 0;

5. Aisaninterval H-matrix if and only if its comparison matrix is a M-matrix;
6. A isdtrictly diagonally dominant if and only (A)e> 0, wheree=(1,...,1)T.

Strictly diagonally dominant interval matricesareinterval H-matrices—see[10].
The following characterization of interval H-matrices is then proposed. Given
s OR", the diagona matrix whose diagonal entries are 5 is denoted by diag(s).

PROPOSITION 3.1. Let A OTIR™". Then,

1. for any sOR" such that s> 0, (A diag(s)) = (A) diag(s);

2. A OIR™" isa H-matrix if and only if there exists s O R", s > 0, such that
A diag(s) is strictly diagonally dominant.

Proof.
(1) The computation of the two matrix products is simple because diag(s) is
diagonal. It remains to apply Proposition 1.6.1 from [10] in the following way:
(Aiis) = (Aii)ls| = (Aii)s and |Ajs] = |Ajlls] = [Aijlg, where || = s because
s> 0.

(2) First notice that the off-diagonal entries of (A) are non-positive by definition.
Therefore, by the definition of an interval M-matrix, A is an interval H-matrix
if and only if s > 0, (A)s > 0. The vector s can be written as the product
diag(s)ewhere e = (1, ...,1)7. Therefore, A is an interval H-matrix if and only if
s> 0, (A) diag(s)e > 0. Applying thefirst case of the proposition, A isaninterval
H-matrix if and only if 5> 0O, (A diag(s))e > 0, i.e. if and only if (s> O such that
A diag(s) is strictly diagonally dominant. O

This condition is not very convenient for checking if an interval matrix isaH-
matrix. However, it will be useful for proving Theorem 3.1. The following lemma
will aso be needed.

LEMMA 3.1. Let sOR" such that s> 0, M OKR"™" and z O KR". The diagonal
real matrix diag(s) is denoted by S. Then, M9z = M(S2) and (SM)z = SM2).
Thisimpliesin particular that the continuous map x — X isinjective.

Proof. Just noticethat Sbeing diagonal, the matrix productsare highly simplified
and no distribution has to be performed between + and x. Now, the map x — SX is
continuous asproved in [18] and isinjective because Sx = y—S"1(X) = S1(X)
which eventually implies x = y thanks to the previoudy proved property. O

The next theorem improves the convergence condition proposed by Theorem 2.5
for the stationary single-step method applied to the auxiliary interval equation
(2.0.
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THEOREM 3.1. Let A OKR™"and b O KR". Provided that (proA) isa H-matrix,
the sequence (X)), defined by

x® =D~ (b — dud (L +U)xY)),

where D, L, and U are respectively the diagonal, lower, and upper parts of the
interval matrix A, converges to the unique solution of the interval equation Ax = b
whatever istheinitial interval vector x© OKR".

Proof. The interval matrix (proA) being a H-matrix, the application of the
proposition 3.1 proves that there exists s > 0 such that (proA)S is strictly diag-
onally dominant, where S := diag(s). Define A' := AS—which is equivalent to

AS1=(A9S ! =A by Lemma3.1. Thanks to the simplicity of the product with
adiagonal matrix, it istrivial to check that (proA') = (proA)S. As a consequence,
(proA) is strictly diagonally dominant. Therefore, one can use Theorem 2.5 and
proves that the sequence (y®),y, defined by

y®& =p (b — dual (L' +U)yW)),

converges to the unique solution of A'y = b whatever isy(@—whereD’, L", and U’
are respectively the diagonal, lower, and upper parts of the matrix A'. So, choose

y(©@ = 5=1x©O Wenow prove by induction that y® = S~1x® for all k O N. Suppose
that y® = S-1x®, So, by the definition of y&*1 we have

y® ) =D~ (b — dual ((L" +U')(S™x®))).
Using Lemma 3.1 we obtain
y(k+1) - Dv—l(b — dual (((Lr + Ur)S—l)X(k)))_

Then, because of the simplicity of the product with a diagonal matrix, it is trivial
to get from AS™t = A that (L' + U')S™1 = (L + U) and that D'S™* = D, this latter
implying D'~ = S~1D L. Therefore, we obtain

y®k*D = (s-Ip-1 (b — dual (L + U)x(k))).

We apply once more Lemma 3.1 and obtain
y®+D = s—l(Dl(b — dual (L + U)x(")))),

which eventually implies y&*D = S-1x&*1 thanks to the inductive definition
of x*D, We have therefore proved that y® = S~1x® for al k O N. Now left
multiply both terms of the previous equality by Sand apply Lemma 3.1 to obtain
M = g5 1xM) = x®, which holds for al k O N. The map S being continuous,



460 ALEXANDRE GOLDSZTEJN

the sequence (x®), -y is the image of the convergent sequence (y®)yn, which
implies that it also converges. Furthermore, the limits x(®) and y(*®) also satisfy
y(®) = S~1x(®) Now, asAy(® = b, wehave A(S 1x(*®)) = b, that is, by definition
of A, (AS)(S 1x(®) = b. Thiseventually implies Ax(®) = b thanks to Lemma 3.1.
Up to now, we have proved that the sequence (x®),y defined in statement of
the theorem cornverges to a solution of Ax = b. It hence remains to prove that
this solution is the unique solution of this equation. We suppose that X # x(®)
also satisfies AX = b and prove that this implies a contradiction. Then consider
¥ := S~ which is different of y(®) = S~1x(®) pecause the map S~ is injective
by Lemma 3.1. However, Ay = (AS)(S 1)X = AX which is eventually equal to b
by supposition. Therefore, y(® and ¥ are two different solutions of A'y = b, which
eventually contradicts the uniqueness of the solution of this equation entailed by
Theorem 2.5. 0

The next example illustrates the improved convergence condition provided by
the previous theorem.

_ 150, 1 2x2 _( [10,20] 2
EXAMPLE3.1 LetA = <[_50, 50],1> OIR?*2and b = ([_10,_20] OKR2.

Theinterval matrix A is a H-matrix—use Proposition 3.1 with s = (0.01, 1) "—but
not diagonally dominant. The application of the iteration process of Theorem 3.1
leads to a sequence which converges to x(®) = [0.0,0.4] x [10, —40]. One can
check that Ax(®) = b,

Remark 3.1. The subdifferential Newton method also converges to the unique
solution of the equation Ax = b of the previous example.

The next corollary of Theorem 3.1 is an improved version of Theorem 6.7
in[16].
COROLLARY 3.1. Let A OKR"™"besuchthat (proA) isaH-matrixandb OKR",
then the equation Ax = b has a unique solution.

Proof. This corollary isalight version of Theorem 3.1. O

4. Right-Preconditioned Auxiliary Interval Equations Dedicated to
AE-Solution Sets Estimation

Given a characteristic matrix A O KR™", a characteristic vector b O KR", a
nonsingular matrix C 0 R™" and a vector X O R", the relationships between the
following two right-preconditioned auxiliary interval equationsand the AE-solution
set =(A, b) are now investigated:

((proA)C)u
u

b — (dua A)%, (4.2)
(I = (proA)C)u + b — (dual A)X. (4.2
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The natural choices C = (midA)~* and X = (mid A)~1(midb) will be shown to
have interesting consequences at the end of this section and in the next section. The
following two propositions provide some intermediary results which will be useful
for the interpretation of the solutions of these auxiliary interval equations.

PROPOSITION 4.1. Given A O KR™", b 0 KR" and a nonsingular real matrix
C OorR™",

1. Aisproper implies {Cu | uO0=(AC,b)} O =(A,b);

2. Aisimproper implies=(A,b) O {Cu | uO=(AC,b)}.

Proof.
(1) Consider a vector u O R". Then, using the characterization Theorem 2.1,
uO=(AC,b) implies (AC)u O b. Now, the matrix A being proper, the subdistribu-
tivity law implies A(Cu) O (AC)u O b—consider C as a proper interval matrix
and u as a proper interval vector. Findly, A(Cu) O b implies Cu O =(A, b) thanks
to the characterization Theorem 2.1. Therefore, we have proved that u 0 =(AC, b)
implies Cu 0 =(A, b), which is another formulation of statement to be proved.

(2) The proof of the second statement is conducted in a similar way: Using the
superdistributivity lav—and considering C as an improper interval matrix and
u as an improper interval vector—one can check that Cu O =(A,b) implies
uO=(AC,b). O

The following lemmawill be used to prove Proposition 4.2.
LEMMA 4.1. Let A OKR™", a OKR. Then, for any x DR and X O R,
1. (impa)(x — X) +aX 0 ax O (proa)(x — X) + aX;
2. (impA)(Xx—X)+ AX O Ax O (proA)(x — X) + AX.
Proof.

(1) The conditiona distributivity law applied to the product a((x — X) + X) raises the
following inclusions:

(impa)(x — X) +aX 0 a((x — X) +X) O (proa)(x — X) + aX.

It just remains to notice that a((x — X) + X) = ax.

(2) Thanksto case (1), one concludes that Oi O[1..n] and Oj O[1..n],
(impAj( — %) + A% O Ajjx O (proAij) (X — %) + AjX.

Then, using the inclusion monotonicity of the addition, one can sum thisinclusions
forj O[1..n]. Therefore, Oi O[1..n],

DoGmpADKG —%)+ Y A% O D Ajx
jO[L.n jO[L.n jO[L.n

O Z (ProAjj)(x — %) + Z A%,

jo[L..n] jo[L..n]
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which eventually corresponds to the statement to be proved. 0

Then comesthelast intermediary result. Thetrandated of aset E O R" by vector
X OR" isdenoted by X + E.

PROPOSITION 4.2. Let A OKR™", b OKR" and X OR". Then,
%+ =(proA,b — (dual A)X) O =(A,b) O %+ =(impA,b — (dua A)%).

Proof. Consider the first inclusion and any x 0O X+ Z(proA,b — (dua A)X).
Notice that x O X + Z(proA,b — (dual A)X) is equivalent to (x — X) O
=(proA, b — (dua A)X). The characterization Theorem 2.1 proves that thisimplies
(proA)(x — X) O b — (dua A)X. Then, adding AX to both sides of the inclusion
and noticing that AX — (dual A)X = 0, one obtains (proA)(x — X) + AX O b. Final-
ly, Lemma4.1 implies Ax 0O b which means x 0 =(A, b) by the characterization
Theorem 2.1. The second inclusion is proved in asimilar way. O

The relationships between the auxiliary interval equations (4.1) and (4.2) and
the AE-solution set =(A, b) are now presented through Theorems 4.1 and 4.2. The
next theorem proves that the resolution of the equation (4.1) allowsthe construction
of askew box included inside the related AE-solution set.

THEOREM 4.1. Let A O KR™" and b O KR" be the characteristics of an
AE-solution set, C O R™" be a nonsingular matrix and X O R". Consider any
proper solution u OIR" of the equation

((proA)C)u = b — (dua A)X.
Then, the skew box {X + Cu | u Du} isincluded in =(A, b).

Proof. Asu isaproper solution of the equation A'u = b’ where A’ := (proA)C
and b’ := b — (dua A)X, Theorem 2.2 proves the following inclusion:

ul=(A,b").

Then, A" being proper, Proposition 4.1 can be used so as to prove that
{Cu|uO=(A,b")} O=(proA,b").

Thankstou O =(A', b"), the previous inclusion entails the following one:
{Cu|uOu} OZ=Z(proA,b’).

Then, trandating both previous subsets of R" by the vector X preserves the previous
inclusion, and we obtain the following inclusion:

{X+Cu|uOu} OX+Z=(proA,b’).

Finally, Proposition 4.2 provesthat X+ =(pro A, b') O Z(A, b), which concludes the
proof. a



A RIGHT-PRECONDITIONING PROCESS FOR THE FORMAL-ALGEBRAIC APPROACH... 463

The next theorem proves that the resolution of the equation (4.2) alows the
construction of a skew box which contains the related AE-solution set.

THEOREM 4.2. Let A O KR™" and b O KR" be the characteristics of an
AE-solution set, C O R™" be a nonsingular real matrix and X 0 R". Suppose
that

p(ll — (proA)C]) < L.
Then, the following equation has a unique solution u O KR":

u= (I — (proA)C)u+b — (dua A)X.
Furthermore, if the solution u is proper then the skew box {X+Cu | u O u} contains
=(A,b); if the solution u is not proper then =(A, b) is empty.

Proof. First notice that dual((impA)C) = (proA)C. So, the interval equation
of the statement of the theorem can be written u = (I — dua A)x + b’, where
A = (impA)C and b’ = b — (dua A)X. Therefore, by Theorem 2.3, it has an
unique solution u. Suppose that u is proper. As u is the solution of the equation
u= (I —dua A)x +b’', Theorem 2.3 proves the following inclusion:;

=(A,b") Ou.

Then, A" being improper, Proposition 4.1 can be used so as to prove that
Z(@impA,b) 0{Cu|uO=(A,b")}.

Thanksto =(A', b') O u, the previous inclusion entails the following one:
=(@mpA,b") 0 {Cu|uDu}.

Then, trandating both previous subsets of R" by the vector X preserves the previous
inclusion, and we obtain the following inclusion:

X+=(@{mpA,b") 0 {X+Cu|uOu}.

Finally, Proposition 4.2 provesthat =(A, b) 0O X+=(imp A, b’), which concludesthis
part of the proof. Now, suppose that u is not proper. Then, Theorem 2.3 proves that
=(A',b’) isempty. Therefore, using Proposition 4.1, =(imp A, b — (dual A)X) isalso
empty—as it is contained inside {Cu | u 0 0} = (). Finaly, using Proposition 4.2,
one concludes that =(A, b) is empty. O

The use of the midpoint inverse preconditioning matrix together with the intro-
duction of strongly regular interval matrices allows the description of a class of
AE-solution sets which can be estimated using Theorems 4.1 and 4.2. How-
ever, the strongly regular matrices have been introduced in the context of left-
preconditioning, and their usefulness in the context of right-preconditioning first
has to be established. This is the am of the next proposition which is similar to
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Proposition 4.1.1 in [10] but dedicated to right-preconditioning, i.e. involving the
product A(mid A) ! instead of (mid A) ~1A.
PROPOSITION 4.3. Let A O IR™" and suppose that midA is regular. Then the
following conditions are equivalent:
1. Aisstrongly regular;
. AT isstrongly regular;
. A(midA)Lisregular;
. p((rad A)|(mid A) 1)) < 1;
||l = A(midA) 2|, < 1 for somev > 0;
. A(midA) ! isa H-matrix.

o 01~ WDN

Proof.
(1 = 2): Proposition 4.1.1 from [10].

(2 - 3): Thanks to the first case, A is strongly regular if and only if AT is
strongly regular. By definition of strongly regular matrices, this is true if and
only if (midAT) AT isregular. Therefore, as (midAT) 1 = (mid A) )T, thisis
equivalent to the statement that ((mid A)~1)TAT is regular. An interval matrix is
regular if and only if its transpose is regular, therefore A is strongly regular if and
only if (((midA)~1)TAT)T isregular. Thisis finaly equivalent to A(midA)~? is
regular.

(30 4),(40 5),(50 6),and (6 U 3) are proved similarly to the proofs provided
in [10], changing the definition of By to Bg = AA~L. O

As a consequence, when the characteristic matrix of an AE-solution set has
a strongly regular proper projection, the unique solution of the midpoint inverse
right-preconditioned auxiliary interval equations (4.1) and (4.2) can be computed.
From now on, the preconditioning will be performed using C = (midA)~! and
%= (midA)~1(midb).

4.1. INNER ESTIMATION

If proA isstrongly regular, Proposition 4.3 proves that
(proA)(midA) 1

is a H-matrix. In this case, Theorem 3.1 proves that the stationary single-step
method can compute the unique solution of the auxiliary interval equation (4.1).
Therefore the problem of the existence of amanifold of solutions cannot arise with
theright-preconditioned interval equation provided that the proper projection of the
involved characteristic interval matrix is strongly regular. In the cases where the
characteristic matrix A is thin, the right-preconditioned auxiliary interval equation
(4.1) issimplified to the following one:

u=hb - AX
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The solution u is then aways proper because AX = (midb) O b holds—that is
0 O b — AX holds. Furthermore, the skew box inner estimate

{(&+Atu|uob —midb} = {A~tu|uOb}

is the exact solution set. However, the situation is more complicated when the
matrix A isnot thin, asillustrated in Section 6.

4.2. OUTER ESTIMATION
Thanks to Proposition 4.3, the condition
p(Il — (proA)midA) 1)) < 1

is satisfied provided (proA) is strongly regular. Therefore, Theorem 2.6 proves
that the stationary single-step method computes the unique solution of right-
preconditioned auxiliary interval equation (4.2), which eventualy leads to a—
possibly empty—skew box that contains =(A, b).

5. Onthe Quality of Skew Box Estimates

Thissection providestwo theoretical results onthe quality of the skew box estimates
which are built using the solutions of the auxiliary interval equations (4.1) and (4.2)
and using the midpoint inverse preconditioning. The l,-norm will be used for
interval and real vectors and matrices:

= max | andIM[= max DMyl
For any strictly positive real vector v O R", the scaled maximum norms are defined
for real vectors and matrices in the following way:

. V.
b= max B and = mac S0y Y.
i0[L.n] Vj ID["n]jD[l..n] i

Noticethat ||x|| = ||X||y for v=(1,...,1)T and that ||x|| < ||v]| ||X/|v- The following
Hausdorff distance between compact subsets E and E' of R"

which is the usual distance between classical intervals vectors, is also considered
as the distance between skew boxes.

disty(E,E') = max { max min ||x — X'||, maxmin ||X — X'
XOE x OF' X OE' xOE

5.1. PRELIMINARY RESULTS

The following lemma gives an upper bound on the Hausdorff distance between
two skew boxes in the specific case which will be useful for the coming devel op-
ments.
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LEMMA 51. Le¢e M OR™", X OR", u OIR", and u’ O IR" such that u O u'.
Denote {X+Mu |uOu} and {X+Mu | uOu’'} respectively by sand s'. Then,

disti( ) < |IM][disth (u, ).

Proof. By definition of the Hausdorff distance,

disty(s,s) = max{maxmin||x—x’ , maxmin ||x — x'||}.
x0s x 0s X

gs XOs

Ass O s because u O u' by hypothesis, we have ”QS‘%‘%QHX —X|| = 0 and
hence

disty(s,s) = T@T&QHX—X 1B

Using the definition of a skew box, this iswritten in the following way:

distn(s s) = LT%%'DHMUJFX_ (Mu +%)|| = lrjngagrlpém\M(u— u)ll.

Now, as |[M(u — u)|| < |[M]| ||lu — u'|| and because performing the minimum
or maximum on greater values gives a greater result, we obtain the following
inequality:

distya(5,5) < maxmin ]| [ju - u|.

Finally, the statement of the theorem is obtained by factoring the positive number
[IM]| with respect to min and max operations. O

The following two lemmas about the midpoint and radius of interval matrices
products are needed.

LEMMA 5.2. Let A OKR™", B OKR™". Denote midA and mid B respectively
by A and B. Then,

- mid(A +B)=A + B,

« rad(A £ B) = (rad A) + (rad B),

- mid(AB) = AB if A isthin, or B isthin,

« mid(AB) =0if A =0, or B = 0, where 0 stands for the null matrix.

If A and B are proper, then the following relations also hold:

- rad(AB) = |A|(radB) if A isthinor B =0,

« rad(AB) = (rad A)|B| if B isthinor A = 0.

Proof. Thefirst three relations are direct consequences of the expressions of the
Kaucher arithmetic. Notice that the radius involved in the second relation may be
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negative. For example, [—1,1] +[5,0] = [4, 1] and the radius rule is satisfied as
2+ (—5) = —3. Thefourth holds because the product of any intervals is centered on
0 when one of them iscentered on 0. Thefifth istaken from [10, Proposition 3.1.12]
and the sixth is proved in asimilar way to the fifth. O

Remark 5.1. The properties stated by previous lemma also stand for addition of
interval vectors, and multiplication of interval matrices by interval vectors.

LEMMA 5.3. Let A OKR™" and b 0 KR" be such that midA =1, 0 /1 (pro Aj;)
foralli O[1..n] and midb = 0. Then any solution x of the equation Ax = b satisfies
(midx) = 0.

Proof. AsO [/ Aji, the equation Ax = b can be written in the following form:
x=D"*(b - dual((L +U)x)).

Then, by Lemmab.2, asL +U iscentered on 0, sois(L +U)x. Then, asb iscentered
on 0, b — dua((L +U)x) isaso centered on 0 and finally D’l(b — dual((L +U)x))
is also centered on O. O

Finally, the next lemma provides an upper bound for the distance between the
respective solutions of two specific real linear equations which will be met in the

sequel.
LEMMA 5.4. Let A O R™" be a nonnegative matrix, v 0 R" a strictly positive
vector such that ||Ally < 1,and g OR". If x OR" and y O R" satisfy respectively
(I —A)x=p and (I1+Ay=p8
then

[|Allv [1B]]v
Ix=yll < 2]v] :
1Al

Proof. This lemma relies upon Neumann series, see [10]: If
[|Ally < 1—which implies ||-A||y < 1—then both | — A and | + A are invert-
ible and the following two equalities hold:

00

(1—n)"t= iAk and  (1+0)71=) (—1kak.
k=0 k=0

Now, as A is nonnegative we have

(o] 00 00
d_l-Dkak =3 Ak =) Ak
k=0 k=0 k=0
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i [oe] [e0]

The last sum being convergent, both 3" A and 3" (—1)KAK are absolutely con-
k=0 k=0

vergent. As a consequence, we can use associativity and commutativity so as to

rearrange theterms of theinfinite sum (I —A) 1 — (1 +A) L inthefollowing way:

[oe]
(-0 —(+8)t=20+203+20%+.. =20 Y " A%

Asby hypothesis ||A||v < 1, the geometric sum ioj ((/|Al]v)?)¥ is convergent and
k=0

* 1
(I1A][)?) 1T (A2
2 (AN = T a2
As a consequence, we have
1
I —A)T— 0 +0)7Y, < 2Ally—.

Then,x —y = ((1 —A)~1 — (I + A)~1)B and the following inequality is raised:

1

X =yl =[] =)= (1 +8)"HB[ly < 2||A]|y 1= (82 |[B]|v-

Finaly, thanks to ||x — y|| < [|V|| ||x — Y||v, one concludes the proof. O

5.2. ON THE DISTANCE BETWEEN THE INNER AND OUTER SKEW BOX
ESTIMATES

The next theorem provides a general result about the accuracy of the inner and
outer skew box estimates built thanks to the solutions of the right-preconditioned
auxiliary interval equations (4.1) and (4.2).

THEOREM 5.1. Let A O KR"*" be such that pro A isstrongly regular andb O KR"
be the characteristics of an AE-solution set. Consider the interval equations (4.1)
and (4.2) with

C=A"! and &=A"Y(midb),

where A stands for mid A. Furthermore suppose that the respective solutions u and
u' of these equations are proper. Then, for all strictly positive vector v O R" such
that*

Il = (ProA)A™ Y|y < 1,

* Such vectors v indeed exist because pro A is strongly regular.
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the Hausdorff distance between the skew boxesinner estimate s := {X+Cu | u Ou}
and outer estimate s’ := {X+ Cu | u Ou'} isbounded in the following way:

(proA)Afluv ||b — (dual A)va
— (Il = (proA)A-1)})?

. ~ | —
distu(s,s) < 2| A~

Proof. The proper interval vectors u and u’ satisfy respectively the interval
equations (4.1) and (4.2), that is,

((proA)A~Du = b — (dual A)%,
= (I — (proA)A~Hu' +b — (dua A)X.

As % = A-I(midb), one can use Lemma 52 and concludes that
mid(b — (dua A)X) = 0. Furthermore notice that using Lemma 5.2 we have

mid((proA)AY) =1 and  mid(l — (proA)A"1) = 0.

Therefore onefinaly comesto the conclusion that midu = 0 by Lemma5.3 and that
midu’ = 0 by Lemma 5.2. Now notice that rad(b — (dual A)X) = |b — (dua A)X|,
because b — (dual A)X is centered on 0O, and denote this real vector by B. Then,
applying rad to the two interval equations and using Lemma 5.2—u and u’ are
proper and centered on 0—one gets the following relations:

|(proA)AY|(rad ) = B,
radu’ = A(radu’) + g,
where A = |I — (proA)A 1| = rad((proA)A 1) by Lemma5.2. Now, by Proposi-

tion 3.1.10 from [10], we have
I(proA)A =Y =1 +rad((proA)A~1)= 1 +A.
The situation is summarized by the following relations:
(I +4)(radu) = B,
(I = A)(radu’) = B.

Once these relations are established, for al strictly positive vector v such that
[|Allv < 1, we can use Lemma 5.4 hence obtaining the following bound on the
distance between (rad u) and (rad u'):

HAHv

|(red) = 1A

[BIIv [[vI]-

Asboth u and u' are centered on 0, we have

distyy(u,u’) = ||(rad u) — (radu’)|],
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and the wanted inequdity is eventually obtained using Lemma 5.1 which proves
that disty(s,s') < |JA~2||distu(u, u’). m

Remark 5.2. In practice, the previous theorem should be used with the I-norm,
iev=(1..,2)" and||v|| = 1. Thisrequires ||| — (proA)(midA)~1|| < 1, that is,
(proA)(mid A) ! has to be strictly diagonally dominant, which is more restrictive
than the condition “pro A is strongly regular,” but is often satisfied.

Like in the case of the upper bound proposed in [12], if both

Il —(proA)A"Y|<e and  ||b— (dua A)X|| < e,

where ¢ can be chosen such that ¢ < 1 if the radius of proA and prob are small
enough, the previous upper bound becomes

g2

1-—¢2
This proves that the skew box estimates can provide accurate estimates of the
AE-solution set.

dist(s,s) < 2||A7Y| =2 [[A7Y] €2

5.3. COMPARISON OF RIGHT AND LEFT PRECONDITIONING PROCESSES IN SOME
SPeCIAL CASES OF OUTER ESTIMATION

The next theorem proves that, in the context of outer estimation of AE-solution
sets with improper characteristic matrix* and when the inverse mid-point precon-
ditioning matrix is chosen, the right-preconditioning is more accurate than the
|eft-preconditioning.

THEOREM 5.2. Let A OTR" " such that proA isstrongly regular and b O KR" be
the characteristics of a nonempty AE-solution set. Consider the interval equations
(2.3) and (4.2) with

C=(midA)* and  &=(midA) Y(midb).

Denote the unique proper solutions of these equations respectively by x and u.
Then,

O{X+Cu|uDu} =X,
where O{X+ Cu | u O u} stands for theinterval hull of the skew box.

Proof. Firgt, natice that the solutions of theinterval equations (2.3) and (4.2) are
unigque because pro A is strongly regular and are proper because the AE-solution
set is supposed to be nonempty—use Theorems 2.4 and 4.2. Now, from the proof
of Theorem 5.1, we know that midu and rad u satisfy the following relations:

midu = 0,
radu = rad ((proA)Afl)(rad u) +rad (b — (dual A)X).

* For example, aunited solution set or a controllable solution set.
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Notice that (rad proA) = | rad A| and use Lemma 5.2 to prove that
rad((proA)A™1) = [rad A| |A Y.

We now use the hypothesis that A is improper: This implies that dua A is proper
and hence we can use Lemma 5.2 so asto obtain

rad (b — (dual A)X) =radb + (rad(proA))|X| = radb + |rad A| |X|.
As aconsequence, rad u satisfies
radu = [rad A| |A"|(radu) + radb + | rad A| |X|.

Now left multiply the both side of this equality by |A—1| to obtain the following
one:

A" (radu) = |A~Y| |rad A| |A~Y|(rad u) + |A Y| (rad b) + |A 2| [rad A| |X].
Denote O{X+A~tu|uDOu} byy. It iseasy to check that
y=%+A"tu.

Therefore, midy = % and rady = |A~1|(rad u). Therefore we obtain the following
equation for rady:

rady = |A~Y| [rad A|(rady) + |A~Y|(rad b) + |A Y| | rad A| [X|.

We now investigate the equation satisfied by rad x. One can check that applying the
midpoint and radius rules of Lemma 5.2 to the interval equation (2.3) leads to the
following relations—just notice that [x| = (radx) + | midx| = (radx) + |X| on the
way to get the equation for rad x:

midx = X,

radx = |[A7Y| |rad A|(radx) + |A~|(rad b) + |A Y| | rad A |%].
Therefore, midy = midx and both rady and rad x satisfy the same equation. Finally,
as|A~Y |radA| = || — A~L(proA)|, thislatter having aspectral radius strictly less
than 1 because proA is strongly regular, the Schroder theorem proves that the

equation shared by rady and rad x has aunique solution. Finally, midx = midy and
radx = rady whichimpliesx = y. O

6. Experiments

The following auxiliary intervals equations are considered:

« the non-preconditioned interval equation (2.1) dedicated to inner estimation. Its
solution will be denoted by x' when available;
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« theleft-preconditioned interval equation (2.3), dedicated to outer estimation. Its
solution will be denoted by x© when available;

« the right-preconditioned interval equation (4.1), dedicated to inner estimation.
Its solution will be denoted by u' when available and the corresponding skew
box estimate by s';

« the right-preconditioned interval equation (4.2), dedicated to outer estimation.
Its solution will be denoted by u® when available and the corresponding skew
box estimate by s°.

The auxiliary interval equations are preconditioned using
C=(midA)™' and %= (midA) (midb).

The surface—hypervolume—of the skew box estimates are computed thanks to
the classical formula vol{Mu | u O u} = (det M)(vol u)—which generalizes the
formula for the hypervolume of abox u obtained withM =1I.

The next example illustrates that the skew box estimates can be more precise
than the box estimates.

EXAMPLE 6.1. Consider the united solution set =(dual A, b) where

A = [ 04490+ 8432E%, 04385 + 8578
0.4385 + 8.062E *, 0.6510 + 6.098E *

and

_ [ 5657z 1.029 3
0.6119 + 1.583E 2 |’

takenfrom[1], [2]. Each auxiliary interval equation hasaunique proper solution:

x| = ([0.9968, 1.0018], [0.2645,0.2690])",
x© = ([0.9740, 1.0246],[0.2458,0.2877])",
u' = ((—2.06E3,206E3%],[-251E 3 251E73))T,
u® = ([—2.13E3,213E3],[-258E 3,258 7).

It can be noticed that x' was reached after 134 iterations of the stationary single-
step method and after only 1 iteration of the subdifferential Newton method. Thanks
to the preconditioning, the contracting factor of the stationary single-step method is
closer to 0 and the solution u' was reached after only 6 iterations of the stationary
single-step method.

The comparison of the following Hausdorff distances proves that the estimation
by skew boxes is more efficient than the estimation by interval vectors:

disty(x©,x')=23E72  and  disty(s®,s') = 7.9,
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Figure 2. The united solution set of Example 6.1. Represented are the interval vector inner
and outer estimates and the skew box inner and outer estimates—the two skew box estimates
are too close to be discernible.

The upper bound for the Hausdorff distance provided by Theorem 5.1is9.4E 4
which is accurate. The interval hull of s° is % + (mid A)~tu®, which is equal to
x©. Theorem 5.2 is therefore confirmed. The two box estimates and the two skew
box estimates are represented in the graphic of Figure 2. This graphic shows that
the skew box estimates provide a much more accurate description than the box
estimates.

The next example illustrates that the inner estimation through the resolution
of the right-preconditioned interval equation can be less sensitive to perturbations
of the right hand side interval vector than the inner estimation through the non-
preconditioned interval equation.

EXAMPLE 6.2. Consider the united solution set of the previous example where b
is changed to

b’ = midb + diag(dy, do)(b — midb),

where0 < g < 05and either d; = 1and d, = gor d; = gand d, = 1—that is,
the center of b is kept unchanged whereas the radius of one component of b is
multiplied by g. In these cases, the solution of (dual A)x = b’ is improper. This
should be overcome squeezing the parameters.

The right-preconditioned interval equation is not sensitive to this alteration of
Example 6.1: The solution remains proper, and the quality of the skew box estimates
issimilar to the previous example.
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The next two examplesillustrate that the scope of the formal-algebraic approach
to inner estimation of AE-solution sets is indeed enlarged thanks to the right-
preconditioned auxiliary interval equation (4.1).

EXAMPLE 6.3. Consider the tolerable solution set =(A, b) where

aa0000o0 [0.9,117]
aaa000 [—1.1,-0.9]

_| 0aaalO0 _ [09,11]]
A=l00aaao0 ad - b=1, 791 0g

0O0Oaaa [09,11]]

0000aa [—1.1,09]

and a = [0.999, 1.001]. Looking for an inner estimate of =(A, b), one may consider
the interval equation Ax = b. When applied so as to compute a solution to this
equation, the stationary single-step method diverges whereas the subdifferential
Newton method converges. However, the solution provided by the subdifferential
Newton method is not proper. The right thing to do would be to squeeze the
parameters so as to obtain another interval equation A'’x = b' which would have a
proper solution. However, the squeezing technique is difficult to apply because we
have no information on the conditions which would provide a proper solution. The
right-preconditioned interval equation (proA)C = b — (dual A)X has the following
proper solution:

u' = ([—0.0981,0.0981], [—0.0959, 0.0959], [—0.0941, 0.0941],
[—0.0941, 0.0941], [—0.0959, 0.0959], [—0.0981, 0.0981]) "

It is computed in 6 iterations of the stationary single-step method and 1 iteration of
the subdifferential Newton method. Furthermore, the upper bound for the Hausdorff
distance between the inner and outer skew box estimate is

(proA)A~|| ||b — (dua A)X|

——— > =15E72.
1—(IIF = (proA)A—])

e
2)A7Y)

The hypervolume of the solution set is greater than the hypervolume of its inner
estimate, which is

vol s' = det(C) vol u' = (0.19)°.

Therefore, the skew box inner estimate isaccurate—if the solution set was an hyper-
cube, its dimension would be greater than 0.19 which is much bigger than 1.5 2.
Finally, theinterval vector outer estimate x© isthistime strictly included inside the
interval hull of the skew box outer estimate sS°—which proves that Theorem 5.2
cannot be extended to tolerable solution sets. However, the hypervolume of the
skew box outer estimate is approximately (0.20)® which is much smaller than the
one of the box outer estimate which is (0.65)®. Therefore, both outer estimates are



A RIGHT-PRECONDITIONING PROCESS FOR THE FORMAL-ALGEBRAIC APPROACH... 475

complementary, even if the skew box outer estimate seemsto give amore accurate
description of the tolerable solution set.

EXAMPLE 6.4. Consider the tolerable solution set of the previous example where
Ajg is changed to —1. In this case, both the stationary single-step method and the
subdifferential Newton method diverge when applied to Ax = b. Thisis certainly
caused by the bad behavior of the interval equation Ax = b presented in Sec-
tion 2.5, i.e. the interval equation has a manifold of solutions or no solution at all.
Building an inner estimate from the resolution of an equation like Ax = b using
the techniques presented in Section 2.5, i.e. squeezing parameters and building an
explicit description of the manifold of solutions, seems to be an impossible job in
this example.

The right-preconditioned interval equation is not sensitive to the alteration
performed on Example 6.3. Its solution is

u' = ([-0.0982,0.0982], [—0.0960, 0.0960], [0.0942, 0.0942],
[—0.0943, 0.0943], [—0.0963, 0.0963], [ —0.0985, 0.0985] ) T
which is proper. It is computed with the same number of iterations as previous-

ly. Furthermore, the quality of the skew box estimates is similar to the previous
example.

The next example provides a situation where the right-preconditioned inter-
val equation dedicated to inner estimation gives a worse result than the non-
preconditioned interval equation.

EXAMPLE 6.5. Consider the united solution set =(dual A, b) where

(1Y) - el

The interval equation (dual A)x = b has the following proper solution:
x' = ([~05,05],[~4.75,4.75])",

which is an inner estimate of the united solution set. The right-preconditioned
interval equation has a solution which is not proper on this example.

Finally, an amazing behavior of the auxiliary interval equations dedicated to
inner estimation is obtained maodifying the previous example in the following
way':

EXAMPLE 6.6. Consider the united solution set of the previous example where A
is changed keeping its center and multiplying itsradiusby q = 0.1, i.e.

A = ( [245,258] [0.45,055]
- ([1.45, 1.55] [2.45,2.55] ) '
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This time, the interval equation (dual A)x = b has a non proper solution whereas
the right-preconditioned interval equation has a proper solution. Choosing any
coefficient 0 < g < 0.1 does not change anymore the proper/improper quality of
the corresponding solutions.

7. Conclusion

The main contribution of this paper is a right-preconditioning process dedicated to
inner and outer estimation of AE-solution sets. Two right-preconditioned interval
equationsin the space of generalized interval sare proposed. Under some conditions,
the solutions of these intervals equations can be used so as to build inner and outer
estimates of AE-solution sets under the form of parallelepipeds.

The newly introduced right-preconditioned interval equation dedicated to inner
estimation presents three advantages. First, the existence of a unique solution
to this interval equation was proved provided that the proper projection of the
characteristic matrix of the AE-solution set is strongly regular—a situation which
islikely to be met. Thisisindeed an improvement in comparison with the behavior
of the original non-preconditioned interval equation dedicated to inner estimation:
This latter could have a manifold of solutions or no solution at all when strongly
regular interval matricesareinvolved, whichincreasesthedifficulty of itsresolution.
Second, when the solution of the interval equation isnot proper, the “ squeezing and
inflating of parameters’ was proposed in [16] so as to obtain an inner estimate of
the AE-solution set. In some situations, the proposed right-preconditioned interval
equation can be used instead of the “squeezing of parameters’: On one hand, the
computed description of the inner estimate is more complete as the parameters
have not been sgueezed. On the other hand, the squeezing of parameters can be
difficult to apply, and even almost impossible to apply for some AE-solution sets.
Therefore the right-preconditioned interval equation seems to be the only way to
build aninner estimate of such AE-solution sets. However, it happens on sometested
examples that the right-preconditioned interval equation has worse behavior than
the non-preconditioned one and a deeper study remains to be conducted. Third,
thanks to the preconditioning, the stationary single-step method has a improved
convergence rate: It was shown to be improved by a factor superior to 20 on some
tested examples.

Theright-preconditioned interval equation dedicated to outer estimation presents
the same advantages as the one pointed out in [12] in the restricted context of
outer estimation of united solution sets: The estimation of AE-solution sets by
parallelepipeds can be more accurate than the estimation by interval vectors. It
was proved in particular that the newly introduced right-preconditioning is indeed
more accurate than the left-preconditioning in the cases of united and controllable
solution sets.
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7.1. FUTURE WORK

These results on the quality of the right-preconditioning have been obtained using
the midpoint inverse preconditioning. This preconditioning has the advantage of
giving to the skew box estimates the general shape of the AE-solution set to be esti-
mated. However, itiswell known that the midpoint inverse preconditioning becomes
inefficient for high dimension problems, and the proposed right-preconditioning
should be further investigated when used with other preconditioning matrices.
Also, if skew boxes have been used already in [4] and [7] in the context of ordinary
differential equation, the practical issues of estimation of AE-solution sets by skew
boxes have to be investigated.
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